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Exercise 7.1: Let Y be an Young diagram and let L(Y') be the correspon-
ding irreducible representation of S,. Let Vi, be the sign representation.
Show that the tableau of L(Y) @ Vign = L(Y"), where Y denotes the trans-
pose Young diagram.

Exercise 7.2: Consider the natural representation of S, on C"™. We have
C™ = triv @ 6, where 0 is irreducible (cf. Exercise 3.3 and 3.4) Show that 6
is the representation corresponding to the following Young diagram

Find all the standard tableaux of this shape.

Exercise 7.3: Assume now that G = S and that V' is the representation 6
as of dimension k—1 in 7.2. Recall from Exercise 6.3 that A%V is irreducible.
Show that the Young diagram corresponding to A%V is

[ ]

and for this diagram find all the corresponding standard tableaux

Exercise 7.4: Let k be a field and let V' be a representation of a group G
over k. For any n > 0 we can regard

n times

Ve =V eVe...0V

as a representation of G. Moreover, V&™ can also be regarded as a represen-
tation of the symmetric group S,,, which acts by permuting the factors.

1. Show that the actions of G and S,, on V®" commute with each other.
In particular, G preserves the isotypic components of S, in V®"



2. Let chark = 0. Show that the isotypic component of the trivial repre-
sentation is

S"V o= < Z V(1) @ VUg(2) @ .. @ Vg(n) | v1,v2,...,0, € V>
G’ESn
while the isotypic component of the sign representation is
A"V = < Z SEN(0)Vg(1) ® Vg(2) @ + - ® Vg () | V1,02, ..., U € V>
O'ESn
and deduce that these are representations of G.

3. For n = 2 and n = 3 compute the character V®" as a S,,-representation
and use it compute dim A"V and dim S™V.



