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Abstract

In the last years, methods coming from Hodge theory have proven to
be fruitful in representation theory, most remarkably leading to a new
algebraic proof of the Kazhdan-Lusztig conjectures based on the Hodge
theory of Soergel bimodules. In this thesis we study several aspects of the
connection between Hodge theory and representation theory, following
several directions.

We develop Hodge theory for singular Soergel bimodules generalizing
the non-singular case, that is we show the hard Lefschetz theorem and
Hodge-Riemann bilinear relations for indecomposable singular Soergel
bimodules.

Following Looijenga and Lunts, and as a consequence of the aforemen-
tioned Hodge theory, we can attach to any Soergel module (or to any
Schubert variety) a Lie algebra, called the Néron-Severi Lie algebra. We
use this algebra to give an easy Hodge theoretic proof of the Carrell-
Peterson criterion for rational smoothness of Schubert varieties. We
determine the Néron-Severi Lie algebra for all Schubert varieties in type
A and for most Schubert varieties in other types.

In the last part, motivated by modular representation theory, we move
to positive characteristic. Here we show that the hard Lefschetz theorem
holds for the cohomology with coefficients in a field K of a flag variety if
the characteristic of K is larger than the number of positive roots.
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Introduction

1 Background

Let Y be a smooth complex projective algebraic variety. A piece of data that we can
attach to the cohomology of Y and that distinguishes it from a general manifold is its
Hodge structure. Hodge theory was developed in the 50’s, and presents a deep tie between
algebraic geometry and differential geometry. From Hodge theory we can deduce many
consequences about the topology of algebraic varieties: an immediate one is that the
cohomology in odd degrees must be even dimensional.

To extend Hodge theory to singular varieties there are two possible directions to follow.
The first is to modify the notion of Hodge structure, and this leads to Deligne’s definition
of mixed Hodge structure. The second is to change the spaces of study, i.e. we replace the
usual singular cohomology with its intersection cohomology, introduced in 70’s by Goresky
and MacPherson [GM80]. It is the latter that plays a role in this thesis.

The hard Lefschetz theorem and the Hodge-Riemann bilinear relations [Sai90| are two
direct consequences of Hodge theory that are central throughout this thesis. Assume Y
is a projective complex variety. Let £ be a ample line bundle on Y and let A be its first
Chern class. Then for any k& > 0 multiplication by A on intersection cohomology induces
an isomorphism:

M THF(Y,R) — TH(Y,R) (hard Lefschetz theorem)

Assume further that Y is of Hodge-Tate type, that is in the Hodge decomposition only
terms of Hodge type (p,p) appear.! Let P, = Ker(\*+! : TH7*(Y,R) — IH*2(Y,R))
and let (—, —) denote the intersection form on IH*(Y,R). Then we have:

(b,b)x = (b, \*b) € (—1)F+ImY)2R o if0£be P,  (Hodge-Riemann bil. rel.)

We come now to the connection with representation theory. In 1979 Kazhdan and
Lusztig [KL79] conjectured a formula for the characters of highest weight irreducible rep-
resentations L(u) of complex reductive Lie algebras:

ch L(—wp —p) = Z (—1)12(”)_4(“’)]1@@(1) ch A(—wp — p) (KL conjecture)

v<w

Here p is half the sum of all positive roots and A(u) denotes the Verma module of highest
weight . The KL polynomials h;, can be computed using a purely combinatorial algo-
rithm. A few years later KL conjecture was proven by giving a geometric meaning to the
KL polynomials h,, [KL80, BB81, BK81|. In fact, they appear as dimension of the stalks
of the intersection cohomology sheaves of Schubert varieties.

!For the Hodge-Riemann relations in the general form see for example [dM09a]. We ignore it as all the
spaces in which we are interested are of Hodge-Tate type.



In the 90’s Soergel [Soe90] proposed a completely algebraic framework to understand
the KL conjecture. With the sole input of the action of the Weyl group on the Cartan
algebra, he constructed a category of bimodules, today known as Soergel bimodules, which
coincide with the equivariant intersection cohomology of Schubert varieties.

Elias and Williamson [EW14] used Soergel bimodules to give a new proof of the KL
conjecture avoiding the recourse to geometry. In the setting of Soergel bimodules a crucial
point is to show that certain symmetric forms are non-degenerate. These are precisely the
forms that the Hodge-Riemann bilinear relations dictate to be positive definite. This is why
by proving, now algebraically, Hodge theory for Soergel bimodules Elias and Williamson
completed Soergel’s program.

The proof of the Hodge theory for Soergel bimodules can be thought as the starting
point for this thesis. From here we further investigate the deep relation between repre-
sentation theory, Soergel bimodules, and Hodge theory. Our investigation follows several
largely independent directions.

2 Soergel bimodules

Let (W, S) be a Coxeter system and h be a reflection faithful representation of W. The
category of Soergel bimodules SBim is the full additive subcategory of graded modules
over the polynomial ring R = Sym(h*), generated by direct summands of shifts of Bott-
Samelson bimodules

BS(s182...8;) = RQps1 RQps2s R® ... Qpsk R

where s; € S and R® denotes the subring of s;-invariants. Indecomposable self-dual Soergel
bimodules are parametrized by elements of W and denoted by B,,.

If W is a Weyl group we have B,, = IH%(X,,K), the torus equivariant intersection
cohomology of the Schubert variety X,,. The theory of Soergel bimodules can be developed
for any Coxeter group, but in the general case there is no known underlying geometric
object. Still, in many aspects these bimodules still behave as if they were the intersection
cohomology of some varieties.

The intersection cohomology of Schubert variety IH3.(X,, K) contains a distinguished
submodule: the singular cohomology H7.(X,,, K). We give a description of this submodule
in the diagrammatic language for Soergel bimodules. In this way we can generalize this
construction to an analogous bimodule H,, C B,, for an arbitrary Coxeter group W. We
sketch now this construction.

Libedinsky |[Lib08] described a notable basis of homomorphism between Bott-Samelson
bimodules Hom(BS(z), BS(w)) modulo lower terms, called the light leaves basis. By ap-
plying these morphism to the lowest degree element 19 = 1®1®...®1 € BS(z), and vary-
ing x over all reduced expression smaller than w one obtains a basis of the bimodule BS (w)
itself. Light leaves are parametrized by sequences in e € {0, 1}’“. Let w = s189...5;,. We
say that a light leaf is canonical if for any i we have s{'s5?...s;"}'s; > s{ts52 ... 57", By
taking the span of all the non-canonical light leaves we obtain a remarkable submodule
D,, of BS(w): this submodule does not depend on the choice involved in the light leaves
construction and it is fixed by any idempotent of BS(w). One recovers the cohomology
submodule H,, by taking the orthogonal of D,, with respect to the intersection form of
BS(w). N

One valuable property of the bimodule H,, is that it comes for free with a distinguished
basis: this is the analogue of the Schubert basis, i.e. the basis of the cohomology obtained
by considering the fundamental classes of smaller Schubert varieties. As a consequence,



the graded rank of H,, can be readily computed:
grrk H,, = v W) Z 2@

r<w

Fiebig [Fie08] developed a different approach to Soergel bimodules using moment
graphs: Soergel bimodules turn out to be equivalent to a certain category of sheaves
on the moment graph, and to a certain category of modules over its structure algebra Z.
One should think to Z as the equivariant cohomology of the (possibly missing) flag variety.
Then the Schubert bases for the bimodules H,, glue together to a basis {P, },ex of Z. This
allows us to prove an isomorphism between Z and Kostant and Kumar’s dual nil Hecke
ring

Theorem A. Let A the dual nil Hecke ring of W with basis £, as defined in [KK86a).
Then there exists a W -equivariant isomorphism

A=2Z & — P,

As the algebra Z is free over R, the quotient Z = K ®r Z also has a Schubert basis.
Any Soergel module B,, = K ®g B,, is naturally a module over Z. We claim that this is
the “right” module structure one should equip B, with. In fact, the module B,, remains
indecomposable over Z and we are able to compute the spaces of homomorphisms:

Theorem B (Soergel’s hom formula for Soergel modules). Let B, B’ Soergel bimodules.
Then
K @ Hom(B, B') =~ Hom(B, B) (1)

and

grdim Hom(B, B’) = (ch(B), ch(B’)) (2)
where (—, —) is the pairing in the Hecke algebra.

We remark that the formulas (1) and (2) do not hold when the obvious R-module
structure on B and B’ is considered, at least when W is infinite. In fact, we describe an
example, for W of type As in which an indecomposable bimodule B,, gives rise to a module
B, which is not indecomposable as a R-module. This answers a question posed by Soergel
in [Soe07, Remark 6.8] in the negative.

We go back to Hodge theory: this is another aspect in which Soergel modules behave
like the intersection cohomology of Schubert varieties. As already mentioned above, Hodge
theory for Soergel modules was shown in [EW14| where the hard Lefschetz theorem and the
Hodge-Riemann bilinear relations are established. We examine here the case of singular
Soergel modules. For Weyl groups, singular Soergel modules can be realized as intersection
cohomology of Schubert varieties in a partial flag variety, hence the Hodge theory in this
case can be deduced directly from geometry. Following closely the strategy of Elias and
Williamson we can prove it in the generality of arbitrary Coxeter groups.

Let I C S be a finitary subset, i.e. a subset such that the corresponding parabolic
subgroup W7 is finite. If B is a Soergel bimodule then we can consider its restriction By to
a (R, R)-bimodule. The category of singular Soergel bimodule SBim! is the full additive
subcategory of (R, R')-bimodules generated by direct summands of restrictions of Soergel
bimodules Bj. Self-dual indecomposable singular Soergel bimodules are parametrized by
cosets x € W/W; and denoted by BL. Let (h*)! C h* denote the subspace of W;-invariants.

Theorem C. Let A € (h*)! be such that M\(aY) > 0 for all s € S\ I. Then for any

x € W/Wr multiplication by X on Bl = K ®r BL satisfies the hard Lefschetz theorem and
the Hodge-Riemann bilinear relations.



3 Néron-Severi Lie algebra

A remarkable consequence of the hard Lefschetz theorem is that, following Looijenga and
Lunts [LL97], we can associate to any complex projective variety a Lie algebra, called the
Néron-Severi Lie algebra, acting on its (intersection) cohomology.

For any p ample class on Y there exists a Lie algebra g,, isomorphic to sla(R), of which
p is the nil-positive element. The Néron-Severi Lie algebra is the Lie algebra generated by
all g,, with p ample class.

The decomposition of TH(Y') := IH*(Y,R) into irreducible g,-modules is the primitive
decomposition with respect to p. The primitive part (i.e. the lowest weight spaces for the
g,-action) inherits a Hodge structure from the Hodge structure of TH(Y') and the Hodge
structure of the primitive part determines completely the Hodge structure on IH(Y).
However, this decomposition depends on the choice of the ample class p. Looijenga and
Lunts’ initial motivation was to find a “universal” primitive decomposition of I H(Y'), not
depending on any choice: this is achieved by considering the decomposition of TH(Y) into
irreducible gnys(Y')-modules. This decomposition always exists: in fact one can prove that
gns(Y) is semisimple as a direct consequence of the Hodge-Riemann bilinear relations.

As we have discussed above, (singular) Soergel modules possess a Hodge structure, and
this means that we can still define a Lie algebra gy g(w) for any Soergel module B, in the
same way. The semi-simplicity of the Lie algebra gng(w) has an immediate consequence:
in fact we can use then the algebra gyg(w) to deduce an easy Hodge-theoretic proof of the
Carrell-Peterson criterion [Car94]: a Schubert variety X,, is rationally smooth if and only
if the Poincaré polynomial of H(X,) is symmetric. The same proof works for arbitrary
Coxeter groups by virtue of the cohomology module H,, previously discussed.

Looijenga and Lunts went on to compute gys(X) for a flag variety X = G/B. They
prove that it is “as big as possible,” meaning that it is the complete Lie algebra of en-
domorphisms of H(X) preserving a non-degenerate (either symmetric or antisymmetric
depending on the parity of dim X) bilinear form on H(X). In this case we say that
gns(w) is maximal.

We explore the case of the Néron-Severi Lie algebra gng(w) of an arbitrary Schubert
variety, a question also posed in [LLI7]. If v € S and wu < w, the Lie algebra gng(w)
contains a Lie algebra isomorphic to gng(Xy) x sla, where X is the Schubert variety
for a minimal parabolic group P,. Then, using a result of Dynkin on inclusion pairs of
irreducible linear groups, we are able to translate the problem: the Lie algebra gns(Xy,) is
maximal if and only if TH(X,,) does not admit a non-trivial tensor decomposition, that is
whenever we write [ H(X,) = A1 ®r Aa, with A; (resp. Az) a Ry (resp. R2) module and
R1, Ry are polynomial algebras with R = R; ®g Ro, then A; or A, is one dimensional.

Characterizing for which w € W there is such a tensor decomposition of 1 H(X,,) is now
a problem of algebraic-combinatorial nature, since we have tools from Schubert calculus
at our disposal.

To an element w € W we associate a directed graph Z,, whose vertices are the simple
reflections S, and in which there is an arrow s — ¢ whenever ts < w and ts # st.

1234« 5—>6« 7«8

Figure 1: The graph Z,, for the element w = s4565253515283555758 for W of type Ag

The information contained in the graph Z,, allows one to describe H*(X,,) as a quotient
of Sym?(H?(X,)). If the graph Z,, has no sinks we find an obstruction to the existence of
non-trivial tensor decompositions.



Theorem D. If the graph I, is connected and I, has no sinks, then the Lie algebra
gns(w) is mazimal.

It follows for the vast majority of Schubert varieties the Néron-Severi Lie algebra is “as
big as possible.” In type A we can go further and complete the classification of Néron-Severi
Lie algebra.

Theorem E. Let W a Weyl group of type A,. For w € W let {si,, siy, ..., S, } the set of
sinks i Ly, with i1 <o < ... <1y, so that we can write W = 8;,Sj, . .. 8;,VV1 . . . Vp With
vj € Wi 11,4;,,-1) (where we set ig = 0 and g1 = n+1). Then gns(w) is maximal if
and only if vo and vy, are not the longest element in Wiy 5, _q) and W, 1 ) respectively.

4 Hard Lefschetz in Positive Characteristic

We now move our focus to the positive characteristic world. Let K be an algebraically
closed field of characteristic p > 0. If we take cohomology or intersection cohomology with
coefficients in algebraically closed field K there is no analogue of Hodge theory: the Hodge-
Riemann bilinear relations do not even make sense! Still, asking when the hard Lefschetz
theorem holds on the intersection cohomology of a variety remains a valid question.

A first interesting class of examples to consider are the flag varieties. In this case we
are able to give a complete answer.

Theorem F. Let X be a flag variety of a complex reductive group G and let d = dim X.
Then if p > d there erxists A\ € H*(X,K) such that multiplication by \ has the Lefschetz
property, i.e. for any k > 0 we have an isomorphism

Mo HR (X R) & HTF(XK).
Moreover, if rk(G) > 2 the statement above is a “if and only if”.

The motivation for this part also comes from representation theory. In positive char-
acteristic there exists an analogue of the Kazhdan-Lusztig conjecture, known as Lusztig’s
conjecture.

Let Gy be the Langlands dual group of G, defined over K. Lusztig’s conjecture [Lus80]
predicts a formula for the characters of irreducible Gy{-modules in terms of affine Kazhdan-
Lusztig polynomials.

Geometrically, we can approach Lusztig’s conjecture by studying Schubert varieties
in the affine flag variety of G. Lusztig’s conjecture was proven for p very large (with
respect to the rank of G) in [AJS94|. In contrast, Williamson [Will7b| found a family of
counterexamples to Lusztig’s conjectures for p = O(c™), with ¢ ~ 1,101. It is currently
still an open problem to understand more precisely where Lusztig’s conjecture holds.

There is a geometric way to understand Lusztig’s conjecture. In fact, Fiebig [Fiel2]
has shown that Lusztig’s conjecture is equivalent to the local hard Lefschetz theorem on
the stalks of the intersection cohomology sheaves. He used this strategy to prove an upper
bound to the exceptional characteristics in Lusztig’s conjecture. However, Fiebig’s bound
seems enormous (roughly p > n’, for G = SL,(K)) and it is expected that much lower
bounds should exist.

This is why we believe that a more precise account on when the (local) hard Lefschetz
theorem holds for Schubert variety could be of great importance for applications in modular
representation theory.



Structure of the thesis

This thesis consists of six chapters. The first two chapters contain mostly introductory
material. In Chapter 1 we review Coxeter group and their Hecke algebras. Here we prove
some elementary Lemmas that we are going to need in the following. The main goal of
Chapter 2 is to give a geometric motivation for the rest of the thesis: we give two description
of the equivariant cohomology of a flag variety, one using the Schubert basis and one in
terms of Konstant-Kumar’s dual nil-Hecke ring.

Chapters 3 to 6 include the original content of this thesis. The different chapters can
for the most part be read independently. However, some results in Chapter 5 for arbitrary
Coxeter group are based on Chapters 3 and 4. In Chapter 3 we explain how to define
a cohomology submodule and its Schubert basis. Then we use this to show Theorem A
and B. Chapter 4 is devoted to the Hodge theory of singular Soergel bimodules. Finally,
Chapters 5 and 6 correspond to sections 3 and 4 of the introduction respectively.
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Notation

By graded modules and graded vector spaces we always mean Z-graded. For a graded
module M and i € Z let M][i] denote the shifted module, i.e. (M[i])¥ = M™**. For
p(v) = S pivt € Zv,v~!] let MEP() denote the module @ (M[i]):.

Let K be a field. If V is a graded K vector space we denote by grdim V' its graded
dimension, that is, if V = ,, V' then

grdimV = Z(dim V' € Zv, v Y.

If M is a finitely generated graded free R-module, we denote by grrk M the grader rank
of M. Usually R will be a polynomial ring over K with generators in positive degree. We
view K = R/R, as a R-module, where R, stands for the ideal of polynomials without
constant term, so we have

grrk M = grdimK @z M € Z[v,v™ ).

If M and N are graded R-module then Hom®(M, N) denotes the space of graded
homomorphisms of all degrees:

Hom*(M, N) = @ Hom(M, N1i)),
1€EZ
where Hom denotes the degree-preserving homomorphism (i.e. homogeneous morphisms
of degree 0).
If M is a R-algebra, which is graded as a R-module, we say that M is a shifted graded

algebra if M[n| is a graded algebra in the usual sense, where n is the degree of the unit of
M.

List of recurrent symbols

w, S Coxeter group and its simple reflections 9

T reflections in W 9

w a (not necessarily reduced) expression 9

14 the length function on W 9

x%y y =t with t € T and £(y) = ¢(x) + 1 9

m(w) maximal element smaller then w 10
def defect of a 01-sequence 10
Downs number of Downs of a 01-sequence 10
b realization of the Coxeter group 11
ag, o) positive root and coroot corresponding to a reflection ¢ € T 12
o, PV root and coroot system 12
Oy Demazure operator 12
wWs fundamental weight for s € S 13
Dw product of all the positive roots sent by w into negative roots 13
H Hecke algebra of W 13
H, standard basis element of H 13
H, Kazhdan-Lusztig basis element of H 13
H, Bott-Samelson basis element of H 13
hy:]c (v) Kazhdan-Lusztig polynomial 13
R symmetric algebra of by 14
G,B,T simply-connected semisimple complex algebraic group, Borel 15

subgroup and maximal torus

7



flag variety of G
Schubert variety

element of the Schubert basis and of the equivariant Schubert

basis
parabolic subgroup of G corresponding to [

parabolic Coxeter group, minimal representatives of W/Wj

Wi-invariants of R

field of fractions of R

nil-Hecke ring of W

basis element of the nil-Hecke ring

dual nil-Hecke ring of W

basis element of the dual nil-Hecke ring
equivariant multiplicity

“inverse” equivariant multiplicity

Bott-Samelson bimodule

category of Soergel bimodules

twisted graph of x

sections supported on Gr(A)

“stalk” and “costalk” of a bimodule

standard bimodule

indecomposable Soergel bimodule

category of bimodules with a V-flag

intersection form on Bott-Samelson bimodules
string basis element of a Bott-Samelson bimodule
shifted unit of a Bott-Samelson bimodule

light leaf morphism

flipped light leaf morphism

light leaf basis element

bimodule of non-canonical light leaves

cohomology bimodule

structure algebra of the moment graph

subring of Z of bounded sections

left and right R-module structure on Z

Schubert basis of the cohomology bimodule
quotient of Z

longest element in Wy

category of I-singular Soergel bimodules
restriction to SBim! of a bimodule B € SBim
indecomposable singular Soergel bimodule for z € W/
singular Rouquier complex
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Chapter 1

Coxeter Groups and Hecke Algebras

1.1 Coxeter groups

The goal of this section is to recall a few basic facts about Coxeter groups and their
expressions. A standard reference for Coxeter groups is [Hum90|. We denote by id the
identity element of a group.

A Cozeter group W is a group which admits a presentation of the form

W =(se S| (st)"*t =id for any s,t € S5)

where S is a finite set, mss = 1 and mg = mys € {2,3,...} U {oo} for s # ¢ (mg = o0
means that the relation (st)™s* = id is missing). The pair (W, S) forms a Cozeter system
and S is called the set of simple reflections. We denote by T the set of reflections in W,
that is
T = U wSw L.
weW

We call a sequence w = s152...s; of elements s; € S an expression. We say that the
length of an expression w = s182...s; is k. We say that w is an expression for x € W if
S1-82... Sk =x. It is a reduced expression if there exists no expression for w of smaller
length. We define the length of w € W to be the length of a reduced expression for w and
we denote it by ¢(w).

The Bruhat order is a partial order on W defined as follows: for v,w € W we say that
v < w if a subexpression of a reduced expression for w is an expression for v.

If x,y € W are such that xt = y (resp. xt = y), with ¢ reflection, and ¢(z) + 1 = {(y)

-1
we write x %) y (resp. x %) y). Notice that x %) y if and only if m—Rm> 3. The relations

x <y with x % y for some t € T generate the Bruhat order.

The following is a fundamental property of the Bruhat order, and in fact, it completely
characterizes it [Deo77, Theorem 1.1].

Proposition 1.1.1 (Property Z). Let z,y € W and s € S such that xs > x and ys > y.
Then
z<y < x<ys < xs < ys.

An easy consequence of the Property Z is that for any x,y € W we have z < max{y,ys}
if and only if zs < max{y,ys}.

Let w = 518 ...5¢ be a (not necessarily reduced) word. We call an element e € {0, 1}
a 01-sequence for w. We denote by w® the element s7's5?...s,. If 2 € W we say ¢ < w

if there exists a 0l-sequence e for w such that w® = x.



For any k such that 0 < k& < ¢, we further define wo, = s1s2...5; and w%, =
el eo = <

s7hsS? ... sp¥. Similarly, we define wsy, and w,.
Lemma 1.1.2. Let w be a word. Then there exists a unique mazimal element m(w) € W
such that m(w) < w.

Proof. By induction on ¢(w), we can assume that we have already shown existence and
uniqueness of m(w). Let w’ = ws. Then we set m(w') = maz{m(w), m(w)s}, i.e.

Clearly, we have m(w') < w'. Let x < w’. We can write 2 = ys® with ¢ € {0,1} and
y < w, hence y < m(w). Now it follows from the Property Z that z < m(w'). O

Notice that z < w if and only if x < m(w). From a 0l-sequence e we can obtain a
sequence of elements in {U0,U1, DO, D1} as indicated by the following table:

‘ €L = 0 € = 1
Megk—1 - S > wgk_l U0 Ul
w5y <ws,_ ;| DO D1

We refer to this sequence as decoration of e and to its elements as bits of e. Let def(e)
be the defect of e, i.e. the number of U0’s minus the number of D0’s occurring in the
decoration of e. We define Downs(e) to be the number of D’s (both D1’s and D0’s) of e.
We have

def(e) = l(w) — ¢(w®) — 2Downs(e). (1.1)

Lemma 1.1.3. Let w be a word. For any x < w there exists a unique 01-sequence e such
that w® = x and the decoration of e has only UQ’s and Ul’s. Moreover, e is the unique
01-sequence of mazimal defect such that w® = x, and satisfies def(e) = l(w) — ().

Proof. We first show the existence. Let w = s1...sy. We start with x; = x and we define
recursively, starting with £ = [ and down to k =1,

e
. ; Tp_1 =Tk - 5"
0 if xpsp > xp

{1 if xpsp < xp
€L =
It follows that z_1s > xk—1 for any k and that xp_1 = min{zy, zxsi}, so at any step we
get x—1 < Wep_q, as follows by applying Property Z. Hence we have z¢p = id and e is a
0l-sequence with w® = = and such that it has only U1’s and U(’s in its decoration.
Assume now that there are two 0l-sequences e and f decorated with only U’s and
satisfying w® = wf = z. If ¢y = f; we can conclude that e = f by induction on /.
Otherwise we can assume e; = 1 and f; = 0. Now we get Mie—l =z, and x5y < x because
the last bit of e must be a U1l. But this also means that the last bit of f is a DO, hence
we get a contradiction.
The last statement follows directly from (1.1). O

Definition 1.1.4. Let w be a word and x < w. We call the unique 01-sequence e without
D’s such that w® = z the canonical sequence for z. We denote it by can..
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1.2 Reflection faithful representations and root systems

Definition 1.2.1. A finite dimensional representation V' over a field K of a Coxeter group
W is called reflection faithful if it is faithful and, for any x € W, the set of fixed points
V* has codimension 1 in V if and only if x € T.

Let K be a field. A realization of W is a K-vector space h of W over a field K together
with subsets

{O%}SES - h* and {aX}SES Ch
such that s(v) = v — as(v)a) for all s € S defines a representation of W on h. Notice that
W acts on h* via the contragredient representation and we have s(A\) = A — A )as for
any s € S and \ € h*.
For simplicity here we will consider only three kinds of realizations of W'

Type I) Let K =R. We fix a finite dimensional real vector space h and linearly inde-
pendent sets {as}ses C b* and {a) }ses C b such that

as(ay) = —2cos <njt> .
S

We further assume that b is of minimal dimension amongst vector spaces sat-
isfying these properties.

As shown in [Soe07, Proposition 2.1], the representation § is reflection faithful.
Notice that if W is finite then b is the geometric representation defined in
[Hum90, §5.3]. If W is not finite then b is not irreducible and contains the
geometric representation as a submodule, as follows from the proof of [Soe07,
Proposition 2.1].

Type II) Let K =R. Let A = (as;)stes be a generalized symmetrizable Cartan matrix
and let (b, h*, {a},{as}) a realization of A over R in the sense of [Kac90] (as
in [Kum02, Definition 1.1.2]). We have dim b = |S|+corank(A) = 2|S| —rk(A),
and the sets {a)}ses C b* and {as}ses C b are linearly independent and
satisfy

st = (O‘S(O‘y))s,tes-
Let W the corresponding Coxeter group. Then §* is a representation faithful
realization of W [Ricl7].

Type III) Let K be a field such that charK # 2. Let G be a reductive group over K
and let 7" its maximal torus. Let h = Lie(T"). There is a natural action of the
Weyl group on h. We assume that the representation so obtained is reflection
faithful, which is always the case if char K > 3 [Lib15, Appendix A].

If K = R this coincides with realizations of type II for Cartan matrices of finite
type.

If b is of Type II or III, then the representation h can be obtained by extending scalar
to a representation hz defined over Z. In particular, if § is of Type III we have h = hz ®z K
and b* = b7 ®z K where

bz = @Za!z and by = @Zas,z

ses seSs

with as = a7 ®1 and ) = oY, @ 1.

11



Example 1.2.2. Let W be of type G2 and consider a realization of Type III over a field K
of characteristic p. The simple reflections s and ¢ act on the basis {ws, w;} of fundamental

weights of h* as
s -1 0 ’ b 1 3 .
1 1 0 -1

1
reflection faithful since dim(h*)s*? = 1.

-3 . . N
Then w = stst acts as < 1 > It follows that if p = 3 this representation is not

Remark 1.2.3. It would be interesting to consider more general realizations of W, and
many statements in this thesis should hold in a larger generality. We require the repre-
sentation to be reflection faithful to have at our disposal the theory of Soergel bimodules.
One could drop this assumption by replacing the category of Soergel bimodules with its
diagrammatic counterpart (cf. §3.1.3).

On the other side we will need our realization to have a good notion of positive roots:
this is necessary to be able to use the results of Kostant and Kumar for the nil-Hecke ring
(see [KK86a, Remark 4.35.b]).

Let
®={w(as) [weW, seStCh

be the set of roots and
Y ={w(a))|weW, seS}Ch

be the set of coroots.

Assume b is a realization of Type I or Type II, thus K = R. Every root a € ® can be
written as o« = ZSES csas with ¢ € R. We say that a root is positive if ¢ > 0 for all s
and negative if ¢; < 0 for all s.

Let ®* be the set of positive roots and ®~ be the set of negative roots. We have
¢ = -0 and & = TP~ (cf. [Hum90, §5.4]). Similarly, we have &Y = (V)T L (DY)".

If t € T is a reflection we can write ¢t = wsw™ with w € W, s € S and ws > w. We
set oy = w(as) € @ and o = w(ay) € (®V)T. We have t(v) = v — ar(v)ay’. The root ay
and the coroot oy are well-defined and the assignments ¢ — a4, t — «;’ define bijections
T = @ and T = (®V)7.

Assume now b is a realization of Type III. Then we define

®z = {w(asz) |lweW, se€ S} Ch; and @y ={w(ay,) |weW, seS}C bz

Every element o € ®z can be written as o = ) g csas7 with ¢ € Z. As before, we
define the subsets (IYZ'F and ¢, and we have ®7 = <I>'Z'r U ®,. Similarly, we have &) =
(@¥)T U (@y)~. For a reflection t € T such that wsw™! with w € W, s € § and ws > w
we define arz = w(asz) € 5, afy = w(ay,) € (Py)T, ap = w(as) = arz @1 and
af = w(a)) = ayz ® 1. The assignments ¢ — a7, t = oy define bijections 7 = &7
and T = (®))" (but the map 7 — ® defined by ¢ — a; need not be injective).

Let R be the ring of regular functions of h, that is R = Sym(h*). We regard R as a
graded ring, where we set deg(h*) = 2. We denote by R, the ideal of R generated by
homogeneous polynomials of positive degree. We view K as a R-module via K=~ R/R,.

The action of W on h* extends to an action on R. If t € T is a reflection we denote by
0 : R — R the so-called Demazure operator defined by

f=t(f)

(677

o(f) = for all f € R.

12



If t = wsw™! for s € S and w € W, with ws > s we have 9;(f) = wds(w™'(f)). In
particular, if f € b* we have 9,(f) = ds(w=(f)) = f(a).

For s € S let wy € h* be a fundamental weight for s, that is 0y(ws) = 0 s for all t € S.
Notice that in general the fundamental weight w, € h* is not unique, but it is determined
only up to W-invariants.

For an element w € W we have

l(w)=#{a€ed" |w(a) e d }=#{te T |tw < w}.

For later use, we associate to any w € W a homogeneous polynomial of degree 2¢(w)

pw= ] ek (1.2)

teT
tw<w

1.3 The Hecke algebra of a Coxeter group

To a Coxeter system (W,S) we associate a Z[v,v~!]-algebra, called the Hecke algebra
H(W,S). The algebra H := H(W, S) is the unital associative Z[v,v~!]-algebra generated
by H, for s € S with relations

H? = —(v—v HH, + 1,
HHH,... =HHH,...

Mst Mst

for all s,t € S. For x € W we define H, = H, Hy, ... H,, for any reduced expression
T = 5182...5. Because of (1.4) this is well-defined. o
We denote by (—) the involution of H defined by ¥ = v~! and Hy = H L.

Theorem 1.3.1. [KL79] There erists a unique basis {H, }zew of H as a Z[v,v~1]-module
which satisfies for allx € W

e H,=H,

e H =H, + Z hy - (v)H, with hy . (v) € VZ[v].
y<x
The basis {H, },ew is called the Kazhdan-Lusztig basis and the polynomials hy ,(v)
are known as Kazhdan-Lusztig polynomials.
Warning 1.3.2. In [KL79| a different parametrization of the Kazhdan-Lusztig polynomials
is used. Namely, in their notation we have

hy(v) = 0" @~ P, (v72).

Notice that we have H;; = H;y =1 and H, = H, +v. If w = s1s2...5; is a word we
defne H, :=H;, H, ...H, .

We also have an anti-involution a of H defined by a(v) = v and a(H;) = H,-1 for
x € W. The trace ¢ is the Z[v,v!]-linear map defined by e(Hy,) = 6,4. We define a
Z[v,v~1]-bilinear pairing

(= =) HxH—Zv,v ! (1.5)

by (h,h') = e(a(h)h).

It is easy to check that H, is biadjoint with respect to this pairing, i.e. (hH,, b’/
(h,W"H,) and (H,h,h') = (h,H,h'). Moreover for any z,y € W we have (H,, Hy) = 0,
and from this it follows

(H,, H,) € 0y + vZ[v].

13



Chapter 2

Geometry of Flag Varieties

2.1 Torus equivariant cohomology and Borel-Moore homol-
ogy

Let T be a complex algebraic torus, i.e. T" 2 (C*)" for r € N. There exists a universal
T-bundle ET — BT such that ET is contractible and the action of T on ET is free.
The space ET is unique up to T-homotopy equivalence and BT is unique up to homotopy
equivalence. The space BT is called the classifying space of T. If r = 1, the space ET can
be realized as

BT =1lim(C"\ {0}) = €=\ {0}.

The quotient is BT = ET/T = limP" = P*. In general we realize ET as (C*\ {0})" and
BT = (P*°)" (see |Bri00, §1| for more details).

Let K denote an arbitrary field. If Y is T-space, the equivariant cohomology of Y with
coefficients in K is defined as

H3(Y,K) := H*(Y x7 ET,K).

The space Y xp ET is the quotient of Y x ET under the action of T" defined by t- (y,e) =
(yt—1 te).
Via the pullback, the equivariant cohomology H7.(Y,K) is naturally a module over
H?Y (pt,K) = H*(BT,K). We can describe H*(pt, K) as follows. Let
X*(T) = {T — C* | morphisms of algebraic groups}

be the group of characters of T. We have X*(T') = Z".

To each A\ € X*(T') we can associate a one-dimensional representation Cy of T'. Let £y
denote the line bundle ET xp Cy\ — BT. Then the first Chern class ¢1(L£y) is an element
of H?(BT,Z), thus we obtain a group homomorphism

X*(T) — H*(BT,Z) = H3(pt,Z).
Let R = Symg (X*(T) ®z K).! Then we can extend it to a graded algebra isomorphism
R = Hi(pt,K),

where in R we set deg(X*(T) ®z K) = 2.

'The ring R always implicitly depends on K.

14



To introduce the equivariant Borel-Moore homology we need to use finite dimensional
approximations of ET. Let ET,, = (C™™!\ {0})". Let Hp e denote the usual (i.e. non-
equivariant) Borel-Moore homology (cf. [CG97, §2.6]). The T-equivariant Borel-Moore
homology is defined as

Hinr o X, K) i= Hpargrome(X x7 ETn, K) for any m > 0.

In fact, for any m > m’ > dim(X) — ¢/2 the restriction map [CG97, 2.6.21] induces an
isomorphism

HBM,q-}-er(X XT ETm>K) = HBM,q+2m’r(X XTETm’aK)-

Usually the equivariant Borel-Moore homology is non trivial in negative degrees. The
cap product
HY(X,K) x Hppy o(X,K) = Higpp oo (X,K)
equips HEM’.(X, K) with a structure of R-module, where X*(T") ®z K acts with degree
—2. We write HEMV_.(X, K) for the R-module HEMV.(X, K) with the opposite grading,
so that H£M7_.(X ,K) is a graded R-module in the usual sense.
Assume that the Betti numbers of X vanish in odd degree. Then by [Bri00, Lemma

2 and Proposition 1| the graded R-modules H}.(X,K) and H]:';M’_.(X, K) are free and we
have an isomorphism of graded R-modules

Hy(X,K) = Homy(HEy_o(X,K), R). (2.1)

2.1.1 Equivariant cohomology of the flag variety

Let G be a complex semisimple algebraic group. We further assume that G is connected
and simply-connected. Let B C G be a Borel subgroup and T' C B be a maximal torus.
We denote by g O b O b the corresponding Lie algebras. The T-action on g induces a
decomposition into weight spaces:

g:h@@ga

aced

where ® C h* is the root system of G. We denote by ®* the set of positive roots, i.e. the
set of roots o € ® such that g, C b. Let A C ®* be the corresponding set of simple roots.
We have X*(T) @z C = h*. Let ®" C b denote the dual root system or coroot system:

for any root a € ® we denote by oV € ® the corresponding coroot. If (—,—) is the
Killing form on b*, then oV = (a2a) (o, —). Because G is simply connected, the character

lattice X*(T") coincides with the lattice of integral weights bz = {\ € b* | AM(a¥) € Z for
all oV € ®V}. We set hg = bz @z K.
The Weyl group W of G is the group generated by the reflections

Sa:h" —bh* Sa A= A= MaY)a

for « € ®. It is a Coxeter group with simple reflections s,, a € A. We also have
W = Ng(T)/T, where Ng(T) is the normalizer subgroup of 7T

We consider the homogeneous space X := G/B, called the flag variety of G. It is a
smooth complex projective variety of dimension equal to |®*|. The Borel subgroup B acts
on X and decomposes it in a finite number of orbits, one for each element of W:

X= || B-wB/B.
weWw
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This decomposition is known as the Bruhat decomposition. As a variety each B-orbit is
isomorphic to an affine space, i.e. we have an isomorphism of algebraic varieties B-wB/B =
CY®) This means that the Bruhat decomposition gives a CW-complex structure on X
and we can easily use this to compute the homology and cohomology of X.

Let X,, = B-wB/B be the closure of a single orbit. The varieties X,, are in general
singular projective varieties and are called Schubert varieties. Each Schubert variety X,
is a union of B-orbits and B -xB/B C X,, if and only if x < w in the Bruhat order.

Since all the cells in the Bruhat decomposition have even dimension as real manifolds,
we have

Ho(X,K) = @ K[Xu),
weW
where [Xy)] € Hay) (X, K) is the fundamental class of X,

Similarly, we define [X |7 as [Xy X7 ETy,] € HgM’%(w) (X,K) for any m > 0. The re-
striction map H%,, (X, K) — He(X,K) sends [Xy])r to [X,,] and induces an isomorphism
[Bri00, Proposition 1]:

K ®r Hipro( X, K) = Ho(X, K).

Here K is regarded as a R-module via the isomorphism K = R/R; and Ry stands for
the ideal of polynomials without constant term. It follows that {[X]7r}wew is a basis of
Hpnr,—o(X,K) as a R-module.

Because of (2.1) we can define a basis {Py}wew of H}(X,K) dual of {[Xy]7}wew,
that is P, is defined by

Puw([XolT) = 0w for all v € W.

The basis {Py fwew is known as Schubert basis. We have deg(Py,) = 2¢(w).

If K is a field of characteristic 0, there exists also a second useful description of the
equivariant cohomology H?.(X,K). Let us denote by RW C R the subring of W-invariants.
Then we have, as explained in |Bri98, Proposition 1|:

H3(X,K) = R®zw R.

Remark 2.1.1. Since B =TU and U = [B, B] is contractible, for any B-space Y we have
HS(V,K) 2 H2(Y,K). In particular, H3.(X,K) = H%(G/B,K) = H, 5(G,K), and this
means that H7(X,K) is in a natural way a module over Hp, 5(pt,K) = R ®k R, that is
H2(X,K) is naturally a R-bimodule.

From the equivariant cohomology we can also recover the usual singular cohomology
H*(X,K). In fact, we have

H*(X,K) 2 K ®p H}X,K) 2 K @zw R.

In particular, we have H*(X,K) = R/RY where RY is the ideal of R generated by
homogeneous W-invariant of positive degree. The ring R/ R_‘f is called the coinvariant
Ting.

Let P, =1® Py, € H*(X,K). Then {P,}wew is a basis H*(X, K) over K, also called
Schubert basis.

Remark 2.1.2. It is false for a general ring K that R/RY = H*(X,K). Assume for
example K = Z. Then in general the ring R/ RE/ is not even free as an abelian group.
Using the software Magma [BCP97| we have spotted p-torsion in the coinvariant ring
R/ Rﬂ/ as illustrated by Table 2.1. The indicated degree k is the minimum degree in which
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Table 2.1:

w B5 D5 F4 E(j E7 ES
pl 212312 32 32 5
k 22 |16 |14 |16 12|22 12|16 16

such p-torsion appears. From computer computations also follows that there is no p-torsion
for Go, B, if n < 4, D,, if n < 4 and that there is no 2-torsion for F4. We do not know
whether there is 3-torsion for Eg.

However, to have an isomorphism R/RY = H*(X,K) it is sufficient that the primes
listed in [Dem73, Proposition 8| are invertible in the ring K. In particular, it follows that
there is no p-torsion in type A and C.

For any Schubert variety X,, we have

H} (X, Z) = @ RP. and  H*(X,,Z) = @ ZP..

r<w r<w

The inclusion map jy, : Xy < X induces the map j; : H3(X,Z) — H}(Xw,Z) given by
Ja(Py) = Py if x < w and j; (Py) = 0 otherwise.

For a subset I C .S, we denote by W7 the subgroup of W generated by I and by Py O B
the parabolic subgroup corresponding to I. The homogeneous space G/P is called partial
flag variety. We shorten R’ by R!. We have

H3(G/P;,K) = Ropw RY  and H*(G/P,K)= R'/RY.

If 7: G/B — G/Py is the projection, then 7* : H}(G/P;,K) — H}(G/B,K) is
injective, and we can identify an element in H}.(G/P, K) with its image under 7* [BGGT73|.
Let W' be the set of representatives of minimal length in W/W;. Then a R-basis for
H2(G/Pr,K) is given by the set

{P, |ve W

Similarly, a K-basis for H*(G/Pr,K) is given by the set

(P, |ve W'},

2.2 The nil Hecke ring and its dual

A third, algebraic, description of the equivariant cohomology of the flag variety was given
by Konstant and Kumar in [KK86a, KK86b| and Arabia in [Ara86]. It is important to
remark that the construction can be generalized to arbitrary Coxeter groups (if we restrict
to the realizations of W discussed in §1.2, as pointed out in [KK86a, Remark 4.35(b)],
see also [Will6, §3.4]) In fact, Kostant and Kumar’s original motivation was to provide
an algebraic description of the (equivariant) cohomology of flag varieties of Kac-Moody
groups.

Let @ be the field of fractions of R and let Qs denote the smash product of @) with
W. This means that Qu is a free left @-module with basis {0, }wew and multiplication
defined by

(f02)(gdy) = fx(9)0s

17



In particular, fd, = 6,z '(f). We have an anti-involution (—)! on Qy defined by

(qér)t = w_l(Q)éz*1 .
Notice that Qyw is not an algebra over () since gd;q is not a central element for g € Q.
For s € S we define the element
1 1
Ds = —(0ia — 65) = (0ia + 05) — € Qw.
@ @

S S

We have D? = 0 and the D satisfy the braid relations [KK86a, Proposition 4.2], i.e.

DiDiDs...=DDsD, ...

msttimes msttimes

Hence, for x € W we can define D, = Dy D, ... D, where z = s1s2...5; is any
reduced expression for . We have a natural left action of Quw on Q via fé, - g = fz(g).

Definition 2.2.1. The nil-Hecke ring N H(W) is defined to be the ring {q € Qw | ¢(R) C
R} C Qw.
Theorem 2.2.2. [KK86a, Theorem 4.6] The ring NH(W) is a free right R-module with
basis { Dy }wew -

Let Q = Hom_q(Qw, Q) be the set of right Q-module morphisms. We can think of  as
the set of functions W — @, where to an element 1 € Q) corresponds the function W — @
which sends x € W to ¥(d,). We regard Q as a Q-algebra, via point-wise addition, scalar

multiplication and multiplication. The algebra ) has also a structure of left Qy-module
via

() =v(fy).

Warning 2.2.3. Notice that this defines also a new structure of R-module on 2 via f -
¥(y) = ¥(f - y). However, this does not coincide with the R-action given by point-wise
multiplication. To differentiate, we will always write the one induced by the left Q- action
as a left action and the point-wise multiplication as a right action on €.

Let us consider the following subspace of :
A={y e Q|¢Y(NH(W)") C R and ¢(D},) # 0 only for a finite number of w € W}.

Proposition 2.2.4. [KK86a, Proposition 4.20] The subspace A is a R-subalgebra of Q.
Let £° € Q defined by fx(DZt/) = 0zy-2 As a right R-module A is free with basis {E*}zew .

The ring A is called the dual nil-Hecke ring. It is a graded ring with deg(£*) = 24(x).
It provides a new algebraic description of the equivariant cohomology of flag varieties.

Theorem 2.2.5. [Ara89] Let A be a generalized Cartan matriz, G the corresponding Kac-
Moody group and W its Weyl group. Then there exists an isomorphism

H7(G/B,K) = A
which sends the Schubert basis element P, into £*.

Notice that in general the cohomology of the flag variety of a Kac-Moody group is not
generated in degree 2, and there is no description available as a “coinvariant ring”.

2Here 02,y denotes the Kronecker delta. It has nothing to do with d, defined above!
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Warning 2.2.6. In [KK86a| Kostant and Kumar use a different definition of the elements
§* and d, . We denote them by 7 and dfzf( to distinguish from the ones used here. We

have &% = (—=1)“®¢fc and dyy = (1)@ kK .
Lemma 2.2.7. [KK86a, Proposition 4.3(b)] For all A € b* and x € W we have
i) A+ Dy = Dozt (N) + Y Dydy(N);
y—re
ii) A+ DL = Dia(\) + > DLay(N);
y—e
iii) A& =& x(\) + > o).

Proof. First we consider Dy, for s a simple reflection. We have

Das(F) = 2 —0)s(F) = sy — Lo, = o, - L= o #p. — Daau(r)

q— =
Qs Qs Qs Qs

The general case easily follows by induction using D, = Dy D, with y <z and s € S.
The second statement now follows using A - DL = (D A\)! = (D, \)! and that if y % x

1
then y % x and 9y (2(X)) = —0y-14,(A). The third statement follows since (A-£%)(Dj)) =
€\ DLy = (1 DY), a

The third statement gives a formula for multiplying a Schubert basis element with a
weight. This is often referred to as the Chevalley formula.

We can write Dy = > 1 €zyde, With e;y € Q. The rational functions e, are
homogeneous of degree —2/(y) and are called equivariant multiplicities.

Proposition 2.2.8 (|Will6, Prop. 3.6]). We have:
i) epy =0 unless x < y;
i) eyy = (—1)£(y)(py)_1, where p, is defined in (1.2).
We define d; 1= £7(5,-1). Let B = (ezy)zyew and D = (duy)zyew-
Proposition 2.2.9 ([KK86a, Prop. 4.24]). We have:
i) dypy =0 unless © <y

ii) D = E~Y e for any x,y € W we have Zz dy €2y = Ogy. In particular, we have
dpy = el = (—1)£(z)px,

T,x

iii) For any x,y € W, the rational fraction d, ., belongs to R and it is homogeneous of
degree 20(v).

i) For any X € b*, dy2(2(N) —2(N) = Y 0(N)dy...
:p%}y

19



Proof. We prove here only iv). This follows from
dm,zz()‘> = gx(ézflz(A)) - fx(/\ : 62*1) = ()‘ ) gx)((szfl) =

= &(0,-0)x(N) + D E(6.-1)0(N) = duzm(N) + D dy0u(N). O

t t
T T—>
Ry Ry

2.3 The affine Grassmannian and the affine flag variety

The affine Grassmannian of the simply-connected semisimple group G is defined as
gr = G((1))/G[[t]]°

The affine Grassmannian is a complex ind-projective variety of infinite dimension, i.e. it
can be obtained as direct limit of finite dimensional complex projective varieties.

Let X.(T) be the cocharacter lattice, that is the dual lattice of X*(T). Since G is
assumed to be simply connected we have X, (T) = Z®". Let

X (T)y = {p € Xu(T) | a(p) >0 for all « € &} C X, (T).

Elements of X, (T") can also be thought as algebraic morphism C* — T, hence as morphisms
C((t)* — T((t)). Let t* € T((t)) be the image of ¢ under this map. Two important
decompositions of Gr are

gr = |_| G[t™1] - t*G[[t])/G][t]] (Birkhoff decomposition [Zhul6, (2.3.1)])
REX (1) +
gr = |_| G[t]] - t*G[t]]/G[[t]] (Cartan decomposition [Zhul6, (2.1.2)])
REX(T)+

Let 7o : G[[t]] — G be the map defined by sending ¢ ~ 0. The group I = 7, }(B) is called
the Twahori subgroup of G((t)). The quotient

—

Fl=G((t)/I

is called the affine flag variety of G. Consider now the affine Weyl group W. It is the
subgroup of affine transformations of X, (7T') ®z R generated by the Weyl group W and
the coroot lattice Z®" (which acts by translations). We have W = 73V x W, hence
W /W = Z&" = X, (T). We also have the Bruhat decomposition [Zhu16, 2.1.22]:

gr= || I-tG[)/GlH) Fl=| |1 a1/1

neX,(T) zEW

We mention also another realization of the affine Grassmannian and of the affine flag
variety as loop spaces [PS86].

The space G(CJ[t,t7!]) is the space of algebraic maps C* — G. Let K be a maximal
compact subgroup of G. Let L,,K be the subspace of G(C[t,t~!]) that sends S' C C*
into K. We have a subspace €, K C L, K of maps that send 1 € S 1'to 1 € G. Then
the inclusion Q,K — G(C[t,t7!]) = C((t)) induces a homeomorphism QK = Gr
(this is the analogue for loop groups of writing an element in GL,(C) as a product of a

by G((1)), G[[t]], G[t], etc., we mean the k-rational points of G, with k = C((t)), C[[t]], C[t], etc.
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unitary matrix and a upper triangular one). This is proven in [PS86, Theorem 8.6.3| for
G = GL,(C) (see |Zhul6, §1.6] for the general case).

We sketch the proof for GL,,(C): first we identify the affine Grassmannian with the set
of C[[t]]-lattices in C((¢))" as in [Zhul6, §1.1]. Let H™ = L?(S,C™) be the Hilbert space
of square-integrable functions from S! to C". Let {ei}1<i<n be the standard basis of C".
Then we can write any element of f € H™ as

f(z) = Z (Z fi,kzk> e with f; . € C.

i=1 \keZ
Let Hy = {f € H™ | fi;, =0 for all k < 0} € H™. Consider the set
Gr) = {W C H™ subspace | zZW C W and 3h > 0 such that zhlﬁhr CWC z*hHJr}.

For any C[[t]-lattice £ C C((t))" there exists o > 0 such that t"(C[[t])" € W C

t=h(C[[]])™. Let &,¢,...,¢, be the standard basis of C((£))™. If by, bs,...b, is a ba-
sis of £, with

b = Zn: dYodthla  withel, e,
i=1

k>—h

we associate to £ the subspace W = Wy + 2"H, € Gr(g), where Wy C H®™ is the finite
dimensional vector space with basis by, ..., b, where

n

bj:Z Z cg’kzk €;.

i=1 \ —h<k<h

This induces a homeomorphism between Gr := {£ € Gr | t"(C[[t]))* C £ C t~"(C[[t]])"}
and Gr?o) = {W € Gry | ZPH, CW C 27"H,}. They glue together in a homeomor-
phism between Gr and Gr(o).

For G = GL,(C) we can take K = U,. The group Ly, K acts transitively on Grg),
and the stabilizer of H, is K [PS86, Theorem 8.3.2 and Proposition 8.3.3(a)|. This shows

onlK = LpolK/K = GT(O) = Qr.

Similarly, we have a homeomorphism Fl =~ Lpo K /Tw, where Tg = T NR (this is the
infinite-dimensional analogue of the homeomorphism K/Tr = G/B). In fact, the affine flag
variety can be identified with the set of full periodic chains of lattices in C((t))™ [Gorl0,
Proposition 2.13|, i.e. with the set of chains of C[[¢]]-lattices in C((¢))"

LoDL1DLyD...D Ly 1 DtLy

such that dimc(£;/L;+1) = 1. Using the same map as above full periodic chains correspond
to elements in the set

— . . n WOQW].Q"-Wn—lQZWn
Flo = {(W’)OS’SM €GOV} guch that dim Wi/ Wiy — 1 for all i }

Again, Ly, K acts transitively on Fl). In fact, we can find v € Lpu K such that
~v(Hy) = Wy and the set of chains with Wy = H, can be easily identified with the set of
flags in H, /zH = C". The group K acts on the set of flags of H, /2zH and the action is
transitive. Moreover, the stabilizer of the standard flag is Tg. We obtain Fl = Ly K/Tw
(cf. [PS86, Proposition 8.7.6]).
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Proposition 2.3.1. The fiber bundle p : Fl — Ggr s topologically trivial, i.e. Fl =
Gr x G/B as topological spaces.

Proof. We use the identifications K/Tk = G/B, Gr = Q,, K and Fl = Lo K /Tr as above.
It is easy to see that we have a Tg-equivariant homeomorphism €2, K x K = L,y K. By
modding out both sides by Tk we obtain a homeomorphism Q,, K x K/Tg = Ly K/ Tr
defined by (z,yTRr) — xyTr. This gives an isomorphism of fiber bundles on €, K

~

onlK X K/TR LpolK/T]R

~ 4

Qo K

It follows that the projection p is a topologically trivial fiber bundle. O

We obtain e
H*(FI,K) =2 H(Gr,K) ® H*(G/B,K).

(see also [Leel5| for a more detailed description of this isomorphism).

The cohomology of the affine flag variety and of the affine Grassmannian can be de-
scribed using the nil-Hecke ring. In fact, there exists a Kac-Moody group G with Weyl
group W (with Borel B and maximal torus Tv) such that

Fl =~ é/g and gr = é/l~3

where F P C G is the maximal parabolic subgroup corresponding to finite Weyl group
WCw [Kum02, Chapter XIII]. Let A be the dual nil Hecke ring of W constructed using
the realization of type II associated to the affine Cartan matrix of G. We obtain:

H*FILK)2A®zrK and H*(Gr,K) =AY gpK*

2.4 Perverse sheaves on the flag variety

We recollect some rudiments about perverse sheaves on the flag variety X to provide a
geometric motivation for the introduction of Soergel bimodules in the next chapter. This
is also necessary in order to explain the connection with modular representation theory.
For a detailed introduction to equivariant sheaves and equivariant perverse sheaves we refer
to [BL94|.

Let G be a complex semisimple simply-connected algebraic group and let X be its flag
variety. Let D%(X ,K) be the bounded B-equivariant derived category of sheaves of K-
modules. We have D% (X,K) 2 DY (G, K), where B x B acts on G via (b,b')-g = bgb'~*.

Let Pervy(X,K) C DY%(X,K) denote the full subcategory of B-equivariant perverse
sheaves. The category of perverse sheaves can be obtained as the heart of a t-structure,
and so it is an abelian category.

For w € W let ICX := IC(X,,K) denote the intersection cohomology sheaf of the
Schubert variety X,,. The set {ICX},cy is a complete set of representatives of simple
objects in Pervg(X,K) up to isomorphism.

We can equip the category D% (X, K) with a monoidal structure given by a functor

*: DY (X,K) x D4 (X, K) — DY (X, K)

‘However, T g T so the nil-Hecke ring does not describe directly the T-equivariant cohomology.
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as follows. For F,G € D%(X,K). We think F,G € D%, 5(G,K), so that FX G €
DbB4(G x G,K). Let ¢ : B? — B* the embedding (b1, be, b3) +— (b1, ba, ba,b3). Then by
restriction we can regard FXG as a B3-equivariant sheaf on G x G. There is an equivalence
r: Dby (G x G, K) = DY (G xp X, K). Finally we have the map m : G x5 X — X induced
by the multiplication, that is m(g,z) = gz. We define

FxG:=m,(r(FRG)) € D%(X,K).

Let now K = Q (or any field of characteristic 0). Let K the full subcategory of
DY%(X,R) whose objects are direct sums of shifts of IC complexes ICQ := ICp(X,,Q). It
is a consequence of the decomposition theorem [BBDS82| applied to the projective map m
that the category K is stable under . Let [K] denote the split Grothendieck group of the
additive category K. It is a Z[v,v~!]-algebra, where v acts by shifting the degree by one,
ie. v-F = F[l].

Theorem 2.4.1. [KLS80, Spr82b] There exists a unique isomorphism of Z[v,v~']-algebras
e HW,S) = [K]
such that H, +— [IC2] for all s € S.

We can also construct an inverse ch to the isomorphism ¢. For x € W, if F € D%(X ,Q)
we denote by F, its stalk in B € X. Then let

ha(F) = dim H™ (Fp)p~H@F
1€EZL
and ch(F) = > cy he(F)H;. In particular, we recover the KL polynomials hy, =
ha (1 C;JQ ).
For a complex F € DY 5(G, Q) we can regard its hypercohomology H®(F) in a natural
way as a graded module over Hp, 5(pt,Q) = R ®q R, hence as a bimodule over R.

Theorem 2.4.2 (Erweiterungssatz [Soe90, Gin91|). The hypercohomology functor H® is
fully faithful and monoidal on IC, i.e. for any F,G € K we have

Hompy c,q)(F,9) = Homper(H"F, H'G)

and
H*(F % G) 2 H*F @ H*G.

In particular, the category K is equivalent to its essential image under H. The resulting
category is called the category of Soergel bimodules. In Chapter 3.1 we will give an alter-
native definition of the category of Soergel bimodules that uses as input only the action
of W on b, so that it can be generalized to any Coxeter group and any reflection faithful
realization b.

Remark 2.4.3. For most of the content in this section we can replace B-equivariant
sheaves on X with B-constructible sheaves on X. In this case the hypercohomology will
be naturally a R-module, and arguing similarly we obtain the category of Soergel modules.
For finite Coxeter groups the categories of Soergel modules and Soergel bimodules have
very similar behavior. However, we show in §3.6 that this is not necessarily the case for
infinite Coxeter groups.

Remark 2.4.4. If K is a field of positive characteristic the decomposition theorem breaks
down, and the category K is ill-behaved with respect of the monoidal structure x. A
natural replacement to perverse sheaves in this case is given by the theory of parity sheaves
[JMW16].

23



2.4.1 Lusztig’s conjecture

The reference for this section is [Will7al. Let now K be an algebraically closed field of
characteristic p > 0 and let G}f be the Langlands dual group of G defined over K with
maximal torus 7. We have X*(Ty) = X,(T).

We are interested in the category Rep Gk of finite dimensional algebraic representations
of Gk over K. Lusztig’s conjecture gives a formula to compute the characters of simple
modules in Rep Gf. Before stating it more precisely we need to introduce some terminology.

We choose a Borel subgroup By C Gy corresponding to negative coroots. For any
A € X*(TV) we have the Weyl module A(X) := (I'(Gy/By, £2)*)?, where o denotes the
Chevalley involution. The character of a Weyl module is “easy” as it can computed using
the Weyl character formula.

There is a bijection between

X(TY)r ={A e X*(TY) | M) >0 for all a € (@) "}

and simple Gk modules, given by A — L(\) = head(A())). We define the set of p-restricted
weights:
XPi={AeX"(TY)|0< A(aY) <pforall a € A}

Consider now the affine Weyl group W of G. The p-dilated dot action e, of the affine
Weyl group W is defined by

reopu==2x(p+p) —p ifeeWw

Nepp=p+ph  ifAecZd

Let h be the Coxeter number of W. A proposed version of Lusztig’s conjecture [Will7a,
Conjecture 1.20] is the following:

Conjecture 2.4.5. Assume p > h and x e, u € X;. Then:

chL(ze,pu) = Z (—1)! W@ hy (1) ch A(ye, ) (Lusztig’s character formula)

y<z
yoppEX*(TV)+
where hyy are the KL polynomials for w.

Using further techniques (Steinberg tensor product theorem, Jantzen translation func-
tors) if Lusztig’s character formula holds one can compute the character of any irreducible
representation of Giz. We know by work of Andersen, Jantzen and Soergel [AJS94] that
Lusztig’s character formula holds for p > h, and by work of Williamson [Will7b] we know
that there exists a family of counterexamples to Lusztig’s character formula for p ~ ¢?,
with ¢ ~ 1.10.... We still do not know precisely where Lusztig’s conjecture starts to hold.

There are several deep ties between the representation theory of G and the geometry.
It is worth to mention the geometric Satake correspondence [MVO07|, which states that

there exists an equivalence of monoidal categories
(Perveq (Gr,K), *) = (Rep Gy, ®k).

We can also use the geometry of the affine flag variety to control Lusztig’s conjecture.
For z € W let .7-'l be the corresponding Schubert variety, i.e. flm =1-zI/I.
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Theorem 2.4.6. [FFW14, Theorem 9.2/ Let A/\: {zeW |z} o, (—2p) € XU}, If there

is no p-torsion in the stalk and costalk of IC(Fl,,7Z) for x € A, then Lusztig’s conjecture
holds.

Fiebig [Fie08, Theorem 4.6] described an approach to prove the absence of p-torsion.
Let £(z) be the indecomposable parity sheaf defined as in [JMW16, §4.1]. Then it is
enough to check for any x € A that the local hard Lefschetz theorem holds for the parity
sheaf £(x) at any point. In this case every £(x) can also be obtained as base change of the
integral intersection cohomology sheaf IC (]/-"\lx, Z) [WB12, Proposition 3.11]. We refer to
|[Wil16] for a precise statement of the local hard Lefschetz theorem in the setting of Soergel
bimodules.

Using this approach Fiebig proved an upper bound for Lusztig’s conjecture: if p is
bigger than a certain number U(wp), defined in [Fie08, §1.3], then Lusztig’s conjecture
holds.
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Chapter 3

Soergel Bimodules, Moment Graphes,
and the Hom Formula for Soergel
Modules

In this chapter W denotes an arbitrary Coxeter group and b is one of the reflection faithful
realizations of W over a field K discussed in §1.2. Recall that R = Symg (h*).

3.1 Soergel bimodules

For s € S we denote by By the graded R-bimodule R ®pgs R[1]. Let w = s1s3...5s; be
an expression, not necessarily reduced. The Bott-Samelson bimodule BS(w) is the graded

R-bimodule defined as
BS(w) = B, ®r Bs, ®r ... ®r Bs, = R®ps1 RQps2 R® ... Qpse R[k].

Definition 3.1.1. The category of Soergel bimodule SBim is the smallest full subcat-
egory of graded R-bimodules that contains all the Bott-Samelson bimodules BS(w) for
any expression w and that is closed under grading shifts, finite direct sums and direct
summands.

Morphisms in SBim are degree-preserving morphisms of R-bimodules, i.e. homoge-
neous of degree 0. For B, B’ € SBim we write

Hom®(B, B') = @) Homspim(B, B'li)).
€L

For x € W we denote the twisted graph of x by Gr(z), that is
Gr(z) ={(z(A),A\) [Aeb} Chxh

For a subset A C W let Gr(A) = (J,c4 Gr(x). Since R is the ring of regular functions
on h, we can think of any Soergel bimodule B as a quasi-coherent sheaf on h x h. For any
Soergel bimodule B there exists a finite subset A C W such that B is supported on Gr(A).

For a subset A C W let

F'aB:={be B|suppbe Gr(A)}
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For z € W we write I'<; B for I'gy,<;} B and similarly for I'c; B, I'>; B, I's; B, I'; B
and I',, B. Let I'"B = B/F;,ng.l We also write I'y<; B for F{y|£(y)§i}B and similarly for
TysiB.

Notice that J, = Ann(Gr(x)) = {f € ROR | f|g @) = 0} is generated by the elements
r(f)@1 -1 f, for f €bh* If b€ LB then x(f)b—bf € [ 4\(s1 B.

Let R, be the ring of regular functions of Gr(z), i.e. Ry, = (R®k R)/J;. Then R, is
isomorphic to R as a left graded R-module, and as a right module we have r - f = z(f)r,
for any r € R, and f € R. The bimodule R, is called standard bimodule.

Proposition 3.1.2. [Soe07, Proposition 6.4 and 6.6] Let B be a Soergel bimodule:

i) For any x € W the subspaces I'<zB/T' < B, I'>;B/I's;B, I';B and I'*B are free
graded left R-modules. As graded bimodules they are isomorphic to a direct sum of
shifts of the standard bimodule R,.

it) The natural maps I'yB — I'<; B and I'>; B — I'* B induces isomorphism
I'yB=p, (I'<;B/I'<;B) and I's;B/T's;B = p,I'*B

where p; € R is the polynomial defined in (1.2).

Theorem 3.1.3. [Soe07, Satz 6.16]

e [For any x € W there exists a unique (up to isomorphisms and shifts) indecomposable
Soergel bimodule By, such that By is supported on Gr(< x) and I'*B, # 0.

e iz a reduced expression x for x. For any decomposition of BS(x) into indecompos-
able bimodules, B, is isomorphic to the direct summand containing 1? =101

...®1 € BS(z). Moreover, By is the unique direct summand of BS(z) which is not
a direct summand of BS(y) for any expression y such that £(y) < £(x).

o Any indecomposable Soergel bimodule is isomorphic to Bylk|, for some k € Z and
zeW.

Let [SBim] denote the split Grothendieck group the category of Soergel bimodules.
We consider [SBim] as a Z[v,v~!] algebra via v - [B] = [(B[1])]. The tensor product ®z
equips the category SBim with a monoidal structure, and this induces a Z[v, v~1]-algebra
structure on [SBim].

Theorem 3.1.4 (Soergel’s Categorification Theorem). There exists a isomorphism of al-
gebras € : H(W, S) = [SBim] such that H, + [By]

Using the support filtration we can construct an inverse ch of the isomorphism & as
follows:
ch(B) = > (erkT'<, B/T <, B)v""H,.
zeW

In particular, we have ch(Bs) = H, and ch(BS(w)) = H,,.

n [Fie08] Fiebig defines Gr(x) to be Gr(z™!) in our notation, so the module T'” B is there denoted

by B™ ', Yet another notation is used [Will6]: there I'*B is denoted by B, while I'; B is denoted by
B!,. Williamson’s notation is motivated by the fact I'*B and I'; B are the stalks and costalks of the sheaf
corresponding to B, when this exists.
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Theorem 3.1.5 (Soergel’s hom formula [Soe07, Theorem 5.15]). Let B and B’ be Soergel
bimodules. Then Hom®(B, B') is a graded free left R-module and

grrk Hom® (B, B') = (ch(B), ch(B’))
where (—, —) is the pairing of the Hecke algebra defined in (1.5).

Theorem 3.1.6 (Soergel’s Conjecture / Elias-Williamson theorem [EW14, Theorem 1.1]).
Let K=R. Then ch(B,) =H

w "

Remark 3.1.7. In [EW14] Elias and Williamson proved Theorem 3.1.6 for realization
of Type I, and their proof can be easily adapted to realization of Type II (see |Ricl7]).
Soergel’s conjecture was already known, by geometric means, if K is of characteristic 0 for
realizations of type II or III (see for example [H&ar99]).

In the following, we will also need to consider a larger category of bimodules, that are
well behaved with respect to the support filtration.

Definition 3.1.8. The category of graded R-bimodules with a V-flag Fv is the full sub-
category of graded R-bimodules B such that

e B is finitely generated both as a left and a right R-module,
e B is supported on Gr(A) for some finite subset A C W,

e for all ¢ the quotients I'y<;B/T"y<;_1B are isomorphic to a direct sum of standard
bimodules R,,[k], with ¢(w) = i.

An important consequences of requiring that our realization is reflection faithful is that
there can be a non-trivial extension between the bimodules R, and R, if and only if xy !
is a reflection [Soe07, Lemma 5.8|. This allows us to rearrange many terms in the support
filtration:

Lemma 3.1.9 (Soergel’s hin-und-her Lemma [Soe07, Lemma 6.3]). Let B € Fy. Fiz an
enumeration wi, wa,ws . .. of the elements of W which refines the Bruhat order, i.e. 1 < j
if wi < wj. We abbreviate Ty, 1n<iy by U'<iB. Then the inclusion I'<y,, B — I'<p B induces
an isomorphism

L<w, B/T<w, B = T<,B/T <1 B.

3.1.1 Invariant forms and duality of Soergel bimodules

We define the dual DB of a graded R-bimodule B to be DB = Hom%,_ (B, R), where
Hom%,_ (—, —) denotes the space of morphisms of left R-modules of all degrees. We can
give to DB a structure of graded R-bimodule via 71 fre(b) = f(r1br2), for any f € DB,
be Bandry,r € R.

A left invariant pairing on two Soergel bimodules B, B’ is a homogeneous bilinear form

(-—,—Y:BxB =R

such that (b,b'f) = (bf,b') and (fb,0') = (b, fb/) = f(b,b') for all b € B, b’ € B’ and
feER?

#We use here left invariant form on Soergel bimodules, as in [Wil16]. Notice that in [EW14] the opposite
choice is made.
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There is a bijection between left invariant pairings on B, B’ and R-bimodule morphisms
B — DB’. We say that a pairing is non-degenerate if the induced map B — DB’ is an
isomorphism. This is stronger that asking that for any b € B there exists b’ € B’ such that
(b,b') #£0.

Let

1
cS:§(aS®1+1®as)€Bs.

The element c¢; is, up to scalar, the unique element of By of degree 1 such that fcs = ¢sf for
all f € R. Thus, the map R — Bs which sends 1 to ¢, is a homomorphism of R-bimodules.

Let ¢;g = 1®1 € B,. The set {c;q,¢s} is a basis of By as a left R-module. By abuse of
notation we write ¢! = ¢s and ¢ = ¢;4.

Let w = s182...5,. We call an element of {0, 1}’“ a 01-sequence. For a 0l-sequence e
we define

Ce = CqCel - CGF.

The set {c. | e a 0l-sequence for w} is a basis of BS(w) as a free left R-module. We
denote cgo..0 by ctop and c11.1 =1®1® ... 21 by 1%.3 We call it the string basis of the
Bott-Samelson bimodule. Notice that a Bott-Samelson bimodule is a shifted algebra with
respect of component-wise multiplication, and 1% is its (shifted) unity. We have

deg(c.) = —(w) +2- #{k | e = 0} = #{k | ex = 0} — #{k | e, = 1}.

Let Tr : BS(w) — R be the left R-linear map which returns the coefficients of ¢ in
the string basis. Let

<f7 g>BS(w) = TT(f ’ g)a

where f-g stands for the component-wise multiplication in BS(w). The pairing (—, —) ps(w)
is left invariant and it is called the intersection form.

The intersection form on Bott-Samelson bimodules is non-degenerate [EW14, Corollary
3.9], hence BS(w) = DBS(w). Since B, is the unique direct summand of BS(z), for z
reduced, such that T'; B, # 0, it follows that B, 2 DB,.

Lemma 3.1.10. The restriction of the intersection form (—,—)pg(y) to the direct sum-
mand B, is non-degenerate.

Proof. We fix a decomposition of Soergel bimodules BS(z) = B, ® V. We can view the
isomorphism ¥ : BS(w) = DBS(w) induced by the intersection form as a matrix of

morphisms:
(o B\ (B DB,
= (05 (V) ()

Let rad(SBim) C SBim denote the radical of the category of Soergel bimodules (see
[Kralb, Str95| for the definition of the radical of an additive category, see also [EW14,
86.1]). Let ¢ : SBim — SBim/rad(SBim) be the projection functor. We have that a
morphism f : B — B’ of Soergel bimodules is an isomorphism if and only if ¢(f) is also
an isomorphism.

Since Bj is not a direct summand of V' = DV it follows that 3,y € rad(SBim). Since
q(¥) is an isomorphism then also ¢(«) and ¢(J) are isomorphisms. It follows that the
restrictions of (—, —) pg(y) to both B, and V' is non-degenerate. O

If K = R, it follows from the Soergel’s conjecture and Soergel’s hom formula that
End’(B,) = R for all R. This means that there exists a unique (up to scalar) non-zero
invariant form on B, and that this invariant form is non-degenerate.

3The element 12 is often denoted cpot.
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3.1.2 Localization of Soergel bimodules

A useful technique to study Soergel bimodules is the localization [EW16, §3.6]. Let @ be
the field of fractions of R. By tensoring with @) we turn the category of Soergel bimodules
into a semisimple category.

The module @Q ®pr BS(w) has a natural structure of (ungraded) @-bimodule. In fact,
if w=5185...5, we have an isomorphism

BS(w)g :=Q ®r BS(w) 2 Q ®gs1 Q ®gs2 Q@ ® ... Qg% Q

Let Q, = Q ®Rr R, be the localization of the standard bimodules. We have

dimg Hom(Qy, Qy) = 0z,

Let Bs g = Q®rBs = Q®¢s Q. It decomposes as B, g = Q;q® (s via the isomorphism
f®gw— (fg, fs(g)). This induces a decomposition

BSwo= @ @ (3)
ec{0,1}

where Q¢ = Que as a (Q-bimodule.
Similarly, every Soergel bimodules B decomposes similarly after localization in a direct
sum of standard @-bimodules. In fact, we have an injection of graded bimodules [Will6,

Equation (6.2)]
B— r*B
zeW

which becomes an isomorphism after tensoring with @, thus

QerB= P Q¥ where d, =1k(I"B).
zeW

For b € B we denote by b, its projection to I'* B.

Lemma 3.1.11. Let A C W be a subset. An element b € B is in I'aB if and only if
by =0 for ally € W\ A.

Proof. As explained in [Soe07, Remark 6.2] if B is a Soergel bimodule then for any b € B
the support of b is union of twisted graphs Gr(x). Hence, we can identify I'* B with the
restriction of B to Gr(x), that is

I'B = B/(Ann(Gr(z))B) = B/ J;B.
It follows that b, # 0 if and only if Gr(z) C supp(b). O

Let B be a Soergel bimodule and let ¢ € Hom®(BS(w), B) be a morphism. All the
direct summands of BS(z)¢g are isomorphic to @, for some y < m(w), where m(w) is
defined in Lemma 1.1.2. It follows immediately from Lemma 3.1.11 that Im ¢ C I'<;, () B.
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3.1.3 Diagrammatic for Soergel bimodules

Let BSBim be the category whose objects are the Bott-Samelson bimodules BS(w) for all
expressions w and whose morphisms are morphisms of graded bimodules of all degrees, i.e.
if B, B’ are Bott-Samelson bimodules then

Homgspim (B, B') = Hom$g z(B, B') = @) Homsgim (B, B'[i)),
1€EZ
thus BSBim is a category enriched in the category of graded R-bimodules.

In [EW16| Elias and Williamson define a diagrammatic category D by generators and
relations, using planar diagrams. The category D is equivalent to the category of Bott-
Samelson bimodules BSBim. We will use this equivalence to depict diagrammatically
morphisms in BSBim and in SBim.

To define D, we first assign a different color to each element of S. Then objects in the
category D correspond to sequences of colored dots:

w = S182... —— 00 .

The morphisms in D are a linear combination of isotopy classes of some decorated
planar diagrams embedded in the strip R x [0,1]. The edges of this diagram are colored
by the elements of S and they may end in a dot of the same color on the boundary of the
strip. The connected components of the complement of the diagram can be decorated by
elements f € R.

Example 3.1.12. A typical morphism between ststtsutsu and tsuus, where mg = 4,

%@
1\\

The generating morphisms, i.e. the kinds of vertices allowed in the diagrams, are:

L K

dot trivalent vertex 2m -valent vertex (here mg; = 4)

We quotient the so-obtained set of diagrams by the following local relations:

e One color relations:
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Frobenius unit: =

Needle relation: @ =

Barbell relation: I = | Qs

Frobenius associativity:

nil-Hecke relation: ‘ = ’5(f)‘ + ’ae(f)‘

e Two color relations: Here we illustrate only the case mg; = 3, see [EW16, §5.1| for
the general form.

X B K-

e Three color relations: see (5.8)-(5.13) in [EW16].

We define a functor D — BSBim by sending w to BS(w) and by specifying the image
(and the degrees) of the generating morphisms as in Table 3.1.
We still need to specify the image of the 2mg-valent vertex. Let w, = sts..., w, =

mst

tst..,and w = sts.., € W. Both BS(w,) and BS(w,) have a direct summand isomorphic
== \V_/

mst
to By,. We deﬁne the image of the 2mg-valent vertex to be the composition

¢ : BS(w,) - By — BS(w,).

This is well defined up to a scalar. In fact, it follows from the Soergel’s hom formula
and some elementary computation in the Hecke algebra of a dihedral group (see [Lib08,
Proposition 4.3]). that

dim Hom®(BS(w,), BS(w;)) = 1

We choose ¢ such that ¢(17 ) = 15 .
Under this functor, horizontal juxtaposition corresponds to tensor product of mor-
phisms and vertical juxtaposition corresponds to composition of morphisms.

Theorem 3.1.13. [EW16, Theorem 6.30] The functor D — BSBim defined as above is
an equivalence of categories.

Remark 3.1.14. The diagrammatic category D provides a categorification of the Hecke
algebra for much more general realizations than the one discussed in 1.2. For example, one
does not need to require faithfulness.
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Table 3.1:

B, - R
T deg =1
f®g—fg
R — B,
l deg =1
1 3(as @1+ 1® )
B,B, — B,
deg = —1
f®gRh— fOs(g) @ h
B, — BB,
deg = —1
f[Rg—fR1®yg
R—R
deg = deg f
1= f
»« BSBtBS... —)BtB5Bt deg:()
Mst Mmst

3.2 An algebraic replacement of the cohomology of Schubert
varieties

If X, is a Schubert variety, then the intersection cohomology IH®(X,,R) contains the
cohomology H*®(X,, R)[¢{(w)] as a graded R-submodule.

The goal of this section is to define, for any element w € W, a graded R-sub-bimodule
H,, of the indecomposable Soergel bimodule B,, which works as a replacement for the
cohomology ring of a Schubert variety. We will show that H,, is a R-subbimodule of B,,
containg 1% and that

dim(K ®p Hy)* = #{v € W | v < w and 20(v) = k + {(w)}.

Remark 3.2.1. For any complex variety Y, there is a natural map H*(Y,R)[dimY] —
IH*(Y,R), but in general this map need not be injective. In fact, if Y is projective, then
the kernel is precisely the non-pure part of H*(Y,R) [dM09b, Theorem 3.2.1]. Because
Schubert varieties have a cell decomposition into complex affine spaces, their cohomology
is pure. Hence, we have a natural inclusion H®(X,,R)[{(w)] — ITH®*(X,,R) for any
weW.

3.2.1 Light leaves basis of Bott-Samelson bimodules

We use the diagrammatic notation for morphisms between Soergel bimodules from §3.1.3.
In [EW16, Chapter 6] Libedinsky’s light leaves are introduced in the diagrammatic
setting. We make use of Elias and Williamson’s results.
Let w an expression and e a Ol-sequence with w® = x. The Light Leaf LL, . is an
element in Hom®(BS(w), BS(z)), for some choice of a reduced expression z of x. For any
light leaf LL, ¢, let Y'Y, . € Hom®*(BS(z), BS(w)) be the morphism obtained by flipping
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the diagram of LL, . upside down. If w® = wl let LLye s = YUy e 0 LLy, r. We know
from [EW16, Theorem 6.11] that the set {LLy.e,f}e—ys is a basis of End®(BS(w)) as a
left R-module.

If 2 = w®, let Uy e = YTy (1%). We have deg(lly,) = —¢(z) + def(e). In particular, e
is a canonical 01-sequence if and only if deg(Ily ¢) +26(x) = £(w). From (1.1) we see that if
there is at least one D in the decoration of e, then the inequality deg(lly,¢)+2¢(z) < f(w)—2
holds.

Lemma 3.2.2. Let w be an expression and e be a 01-sequence. Then

19 if e = canye,
DLy =1 e oo
- 0 if e has (at least) one D.

Proof. The statement easily follows from the definition of light leaves when e has only U'’s.
By induction on ¢(w) we can assume that the last bit of e is a D and all the others are
U’s. Then LL,, . looks like

LL LL

W< —1,6<k—1 W p—1,6<k—1

FTT e T or FTT e T

The box labeled by “rex” contains only 2mg-valent vertices. By induction

<LL£§]C71)BSI€—1 ® IdBSe<ﬂ)) (13) = lg.

Notice that every 2mg-valent vertex fixes 1 ® 1 ® ... 1. It follows from Table 3.1 that
a trivalent vertex applied to 1 ® 1 ® 1 returns 0, thus LLy, (15) = 0. O]

Every light leaf morphism Y'Y, . induces a map from the unique summand @, C
BS(z)q into Py.,r—, Qf € BS(w)q. For a 01-sequence f with wl/ = we let P§ Qe — Qy
be the composition with the projection to a single summand Q. Since Homggq(Qq, Qz) =
@ we can think of p? as an element of (). The rational function p? may depend on the
choices made in the construction of the light leaves basis.

We have a path dominance order on 0l-sequences for w. Namely, we say that e > f if

wegk > Qék for all k. In particular, if e > f then w® > w’ .
Lemma 3.2.3. We have p? =0 unless f < e and pS € Q is invertible.

Proof. The proof is completely analogous to the proof of [EW16, Proposition 6.6] where
the dual statement is considered. From the inductive construction of light leaves we see
that for any k there exists a morphism ¢ such that

TYM@ = (YYMSkyegk ® I wzk-ﬁ-l) © ¢
Here I dMZ .
in all the summands @ such that wik < w%,, which is exactly the condition for f < e in
the path dominance order. The same argument as in [EW16, Proposition 6.6] shows that
p¢ is invertible. O

denotes the identity morphism on BS(w>1). Hence the image is contained
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From Lemma 3.2.3 it follows that the elements {ll,, .} are upper-triangular with respect
of the decomposition (3.1) if we order summands in the RHS using the path dominance
order. We deduce that {ll, .} is a basis of BS(w)g as a left -module. In particular, this
means that if w is reduced, then 1%? = lly,11..1 has a non-trivial component in the unique
summand Q,, € BS(w)g. B

We claim that {ll,, .} is also a basis of BS(w) as a left R-module. For this, it remains to
show that {ll, .} generates BS(w) as a left R-module. We first observe that span{¢(1%) |
¢ € End*(BS(w))} = BS(w). In fact, if b= fo® f1®...® f; € BS(w), with fo, f1,..., fi €
R, then we have b = ¢(1%), where

o= Lh]lA)lL]l5] 4]

Then clearly also the span of all the LL,, . r(1%5) with w® = w' generates BS(w). Applying
Lemma 3.2.2 we see that LLy ¢ ;(12) = Il if f is canonical and 0 otherwise. The claim
now follows. B

The above discussion, together with Lemma 3.1.11, shows the following proposition:

Proposition 3.2.4. Let w be an expression. The set {lly. | e € {0,1}'®) and w® < z} is
a basis of I'<; BS(w) as a left R-module.
In particular, the set {ll,,.c} with e € {0,1}®) is q basis of BS(w) as a left R-module.

We can use the last Proposition to deduce Deodhar’s defect formula [Deo77]:

H, = ch(BS(w)) = Z RCCTONEC) & e Z Tant = (3.2)
e€{0,1}¢w) ec{0,1}¢(w)

Remark 3.2.5. The result of this section were, in the author’s knowledge, published for
the first time in the Appendix of [Pat16b]. However, Ben Elias and Geordie Williamson
explained canonical subexpression and how to construct the basis {ll,, .} in a master class
at the QGM in Aarhus already in 2013. Videos and notes of the lectures are available at
http://qgm.au.dk/video/mc/soergelkl/.

3.2.2 The cohomology submodule of an indecomposable Soergel bimod-
ule

For any Soergel bimodule B and any x € W we define a Laurent polynomial h,(B) €
Z[v,v71] by
he(B)(v) = (grrk T« B/T <, B)v"@),

so that we have ch(B) = > s ha(B)H,.

If BS(w) is a Bott-Samelson bimodule, from (3.2) we get hy (BS(w)) = .. we—w
By Lemma 1.1.3 we have h,(BS(w))(v) = v/ =4%) t<terms of lower degree.”

If K =R it follows form Soergel’s conjecture that the polynomials hy(By,) = hy . are
the Kazhdan-Lusztig polynomials.

For a general K, the polynomials h,(B,) can depend on the realization h*: these
polynomials are called p-Kazhdan-Lusztig polynomials, where p = char(K). The p-KL
polynomials are discussed in more detail in [JW17].

Lemma 3.2.6. We have hy(By) € N[v] and hy(By)(v) = v" =) L 4erms of lower
degree,” for any r < w.

Udef(e) )
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Proof. We show this by induction on ¢(w). If w is reduced we have a decomposition:

BS(w) = B, & P B,™

y<w
where my(v) € Z[v, v is such that my(v) = my(v™1). We have

grrk BS(w) = grrk By, + Z my - grrk By,
y<w
where grrk is taken with respect to the left R-module structures. Since 13 € By, for any

y < w the bimodule Bgamy lies in degree > —¢(w) and we have deg m, < {(w) —£(y). The
lemma now follows since for all z € W we have

ha(BS(w)) = he(Buw) + Zmy'hw(By)- O
y<w
Let us consider the following left graded R-submodules of BS(w):
Co= Y Rillye and Dy= Y  R-llye
e canonical e not canonical

In general the left module (), is not stable under multiplication by R on the right.

Lemma 3.2.7. Let D,, as above. Then for any non-canonical 01-sequence e we have
Im(YYVy ) € Dy. Moreover, Dy, is a graded R-subbimodule of BS(w).

Proof. We fix a non-canonical 0l-sequence e and let + = w®. The light leaf YV, . is a
morphism from BS(z) to BS(w) for some reduced expression z of x. Let z = s182... ;.

It suffices to show that for any string basis element ¢ we have YV, ((cc.) € Dy. We
define the following morphism ¢. € End®*(BS(z)):

0 G A R U R O

[ . i I Y

Clearly, we have ¢.(12) = c.. Therefore YTy ¢(cc) = (YT 0 ¢:)(12).

Let y be the exp;ession obtained from x = s1s2...5 by remo;ing the s; for ¢ such
that &; = 0. Then the morphism YTy e 0 ¢ factorizes through BS(y), hence its image is
contained in I'<,,(,) BS(w). By Proposition 3.2.4 we can write: B

TWyelc) = Y. hyllyy. (3.4)
frawf <m(y)
We have
deg YV o(cc) = deglly o + degc. = £(w) — 2 - Downs(e) — 2{(y) < £(w) — 2¢(m(y)).

Recall that a Ol-sequence f is canonical if and only if degll, ; = ¢(w) — 2¢(w’). Since
¢(w’) < £(m(y)), no canonical 01-sequence can appear in the sum in the RHS of (3.4). It
follows immediately that Im(TTy, ) C D,,.

Now the last statement follows since for f € R we have

Hpe [ =TVue(19)f = TVye(1S - f) € Dy. O
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Actually, the same proof shows more generally that if ¢ € Hom®(BS(z), BS(w)) is
such that deg ¢ < f(w) — ¢(z) then Im(¢) C D,,. In this way we deduce that the bimodule
D,, does not depend on the choice of light leaves. Similarly, we also have that if ¢ €
End®(BS(w)), then ¢(Dy,) C D,.

Let now w be a reduced expression. Fix a decomposition of BS(w) into indecomposable
bimodules and let ¢,, € End’(BS(w)) be the primitive idempotent corresponding to B,
i.e. BS(w) = Ker(ey,) ® Im(eﬂ) and Im(e,) = B,,. For any z, the map

w ' T<eBS(w)/T<eBS(w) = <y By /T <2 By
induced by e, is split surjective. In particular, we have that
grrk (<, BS(w) /T <o BS(w)) = grrk (T<y By /T'<2Bw) + grrk (kerej) |

that is
grrk (kere2)) = v @h,(BS(w)) — v " h,(B,).

From Lemma 3.2.6 it follows that Kerej, is generated in degree < £(w) — 2((x) as a left
R-module.

Lemma 3.2.8. The kernel of the morphism e, is contained in D,,.

Proof. Fix an enumeration wy,ws,ws ... of the elements of W which refines the Bruhat

order. Let
L= Zgi : lly,ei
il

be an arbitrary element in Kere, C BS(w), with g; € R. Let x = wy, be the element of
maximal index in the set X := {w® | i € I}. We want to show by induction on h that
there are no canonical light leaves appearing in the sum L.

For y < w let Fy, := Z R - llye. Then the inclusion F, — BS(w) induces an

e wé=y

isomorphism of left R-modules F,, = T'<, BS(w)/T'<,BS(w).

For an integer k > 1 let us denote by I'<;, B the submodule of elements supported on
Gr({wy,...,wi}). By Soergel’s hin-und-her (Lemma 3.1.9) we have an isomorphism:

F<BS(w)/T < BS(w) = T<, BS(w)/T<p-1BS(w).

Let Ly = ) icr i llwe,, where I, = {i € I | w® = z}. Since z is of maximal index in
X, the projection of L and L, to I'<,BS(w)/I'<p—1BS(w) coincide. Hence L, € Kerej,
and L — L, € T<;,_1 BS(w). B
The R-module Ker e} is generated in degrees < ¢(w) — 2¢(x), so we can write

Lx = Z hj?”j,
J

with h; € R and rj € Fy such that r; € Kere}, and degr; < ¢(w)—2¢(x). Notice the if f is
the canonical 01-sequence for x, then I, ; is a basis element of F, of degree £(w) — 2¢(z),
hence it cannot appear in L.

We have also deg ey, (rj) < f(w) — 2¢(x) and ey (rj) € I'cpy BS(w). Since all canonical
light leaves supported on an element y smaller than = have degree > f(w) — 2{(z), we get
ew(r;) € Dy for all j, and finally e, (Ly) € Dy.

Let now L' = L — Ly + ey (Ly). We have L' € Kere,, and L' € I'<j,_1BS(w), so by
induction it follows that there are no canonical light leaves appearing when we write L’ in
the light leaves basis. We have shown that there are no canonical light leaves in L, and in
ew(Lz), so the statement follows also for L. O
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It follows that B, = ¢,(Cy) @ ¢yw(Dy) as left R-modules. Moreover, e,(Dy,) is a

R-subbimodule of B,, and the restriction of ¢, to C,, is injective.

Definition 3.2.9. We define the singular cohomology submodule flﬂ C BS(w) to be the
orthogonal of D,, with respect to the intersection form (—, —) g (w)-

Consider the decomposition BS(w) = Ime, @ Kere,, with Ime, = B,. Let ¢, €
End(BS(w)) the adjoint of ¢;, with respect to the intersection form. Since deg(ey,) = 0 it

preserves D,,. Hence ¢,, preserves H,,, thus H,, splits as

H, = <I~IQQ Im e&> @ (Efyﬂ Ker ey) .

Recall from Lemma 3.1.10 that the restrictions of (—,—)pg(w) to By and Kere, is
non-degenerate. Since Kere, C D,, it follows that ﬁﬂ N Kere, = 0, hence ]?1@ C Imey
and e, restricts to the identity on ﬁw- We also obtain H,, := eg(ﬁg) = ¢y(Dy)*t C By
where the orthogonal is taken with respect to the restriction of the intersection form to
B,,. Finally, we can easily compute the graded rank of H,,:

grrk H,, = grrk I;Tﬂ = grrk BS(w) — grrk D, = grrk €y = Z p2H@)—tw), (3.5)

r<w

3.3 Moment graphs of Coxeter groups

There exists a forth description of the equivariant cohomology of the flag variety, obtained
by Goresky, Kottwitz and MacPherson [GKM98| using the localization theorem for torus
actions.

As pointed out by Fiebig, one can generalize this construction to an arbitrary Coxeter
group. Fiebig uses this to obtain a new realization of the category of Soergel bimodules.
We show in fact that also in the generality of an arbitrary Coxeter group this construction
still returns the dual nil-Hecke ring (even if there is no flag variety of which they are the
equivariant cohomology).

We recall the definition of moment graphs and their sheaves from [Fie08].4

The moment graph G := G(W, b) is defined as follows: The set of vertices is given by the
element v € W. Two vertices v, w are connected by an edge if there exists a reflection t € T
such that v = tw.> We label this edge by ay, where «; is the positive root corresponding
to ¢.

Definition 3.3.1. A sheaf M on the moment graph of W is given by
e a graded left R-module M"Y for any v € W;
e for any edge v — tv a graded left R-module MV~ such that a; - MVt = 0;
e for any v € W, t € T a morphism of graded R-modules 7, 4, : MY — MV~

We further assume that MY is non-zero only for finitely many v € W and that MV is
torsion free and finitely generated as a R-module.

“Notice that Fiebig uses a different convention: his Gr(z) corresponds to our Gr(z™!).
®We do not ask here that £(v) = £(w) £ 1
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The space of global sections of a sheaf M is

(M) = {(mv) e J[[ M

veW

7"'v,tv(ﬂlv) = th,v(mtv) VveW,te T}

The structure algebra Z is the space of global sections of the “constant sheaf” on the
moment graph, thus it is defined by

Z:{(rv)e HR

veW

Ty =74 (mod at)VUEVV,tET}.

For i € N let Z; the graded component of Z, that is Z; := {(2,) € Z | deg z, = i}. We
define Z := @, Z;. Then Z is a subring of Z. We can also describe Z as the subring of
section in Z with bounded degree, that is Z = {(z,) € Z | Ji : degz, < i for all v € W}.
Notice that for an infinite Coxeter group we have Z # Z.

For any sheaf M, the space of global section I'(M) is in a natural way a graded module
over Z , hence over Z, by point-wise multiplication.

For a subset 2 C W we define Z% to be the image of the composition

Z— [[rR~]]&

veW vEQ

We define Z* similarly. Clearly, for any finite subset Q we have Z% = 792 A subset Q is
said to be upwardly closed if whenever v € () and w > v, then w € €.

Definition 3.3.2. Let Z-mod/ be the full subcategory Z-mod whose objects are Z-
modules M which are finitely generated and torsion free over S and such the Z-module
structure factors through Z% for some finite Q C W.

We define similarly Z-mod/. The restriction functor Z-mod— Z-mod induces an equiv-
alence of categories Z-modf = Z-mod/.

Definition 3.3.3. We say that M € Z-mod/ admits a Verma flag if for any upwardly
closed subset Q C W, the module M is free as a graded left R-module. We call V the
full subcategory of Z-mod/ of modules admitting a Verma flag.

Recall that Fv is the category of R-bimodules with a V-flag.
Theorem 3.3.4. [Fie08, Theorem 4.3 There is an equivalence of categories V = Fy .

We sketch now how this equivalence is obtained. We have two morphisms of rings
7,0 : R — Z defined by
(7(f))2 = f and (o(f))e = z(f).

Hence we have a ring homomorphism R ®g R e 7. By restriction we obtain a functor

F: Z-mod— R ® R-mod which restricts to a functor F : V — Fy.
In the other direction, we start with a R-bimodule B € Fy. To B we associate the
sheaf on the moment graph B such that BY = I'B and such that

B = B/(Ann(Gr(v) N Gr(tv))B.

Since we have 'V B = B/Ann(Gr(v))B by [Soe07, Remark 6.2], there is a natural projection
Tptw : BY — BU7' (the bimodules BY and BU~' are the restrictions of B to Gr(v) and
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to Gr(v) N Gr(tv) respectively). We can therefore define a functor G : Fy — V by
G(B) =T'(B).

The two functors F' and G are inverse to each other. In particular, we have B = I'(B)
as an R-bimodule, and since B is a sheaf on the moment graph we also get a natural
structure of Z-module on the bimodule B.

Finally, we describe a W-action on Z. For z € [[,ciy R and x € W we define x(z), =
Zye- This action preserves Z: in fact oy divides z(z)p — (2)y = Ztwg — 2ve for all t € T,
x,v,w e W.

Warning 3.3.5. We have two different structures of R-modules on Z, given by 7 and ¢ as
defined above. To differentiate between them, we write 7 as the left action and o as the
right action. We always think of Z as a R-algebra using the left action 7.

3.4 Schubert basis from Soergel bimodules

We fix a reduced expression w = s1s9...s; throughout this section. Recall from §3.2 that
we have a left R-basis of BS(w) given by light leaves Il .. For x < w we denote by
Cw,z = llw,can, the canonical 01-sequence can, of Definition 1.1.4.

Let Dy, be the left R-submodule of BS(w) spanned by non-canonical light leaves defined
in §3.2.2. As shown in Lemma 3.2.7, D,, is a R-bimodule. Let {ll}, .} be the left basis of

BS(w) dual to {ll, .} with respect to the intersection form. Let Py, , = I} . In other

w,cang

words, Py . is defined by (Py,, Dw) Bsw) = 0 and (Puy 2, Cuwy) BS(w) = Oz,ys 50 {Puwz} is a

basis of ﬁlﬂ as a left R-module. It is easy to check that Py ;4 = 12.

Fix x < w and e = can,. From w and e we obtain a reduced gxpression x=1tity. ..t
for x by removing from w all the s; such that e; = 0.

For 1 < i < {(x) let x; = titiy1...tx and xyy)4 = id. We denote by e(i) the 01-
sequence obtained by replacing the i-th 1 in e with a 0. Recall the definition of the map
¢e € End®*(BS(w)) given in (3.3).

Let A € h*. Using repeatedly the nil-Hecke relation (see §3.1.3) on the bottom of the
diagram we get

(z)
Cwg A= 0e(15) - A = Z O (Tig1(N)Puei) (15) + #(A)Cus,a

i=1
If e(2) is canonical, i.e. if it is decorated only with U’s, then ¢g,e(i)(1§) = Ce(s) = Cuy
for some y < x. Moreover, y % z where t = :U;_llti:le € T and 0, (zi+1(N)) = 0 ().

If e(%) is not canonical, then qﬁw’e(i)(l%) € I'y<y(z)—2B. Thus we can write

CMCC A= Z at()‘)cw,y + SU()\)CMJ; + @7

]

t
—
sz

with © € I'ycy(y) oB. Furthermore, © = >, h;lly, f; with hj € R and f(wfi) < b(z) — 2.
The degree of Il y; is too small for f; to be canonical, in fact from (1.1) we have

deglly j; < degCuyo +2 = L(w) —20(x) +2 < L(w) — 2(w'),

whence © € D,,.
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We obtain a Chevalley formula for the multiplication in the basis {Py ,} of H.,:

Pua A =2(N)Puz+ > 0(N)Puy. (3.6)

r—>y
R
y<w

Let BS(w) be the sheaf on the moment graph obtained from the bimodule BS(w)
as explained below Theorem 3.3.4. Recall that BS(w) is a R-algebra via component-
wise multiplication. For all v € W and t € T the R-modules BS(w)" = I'"BS(w) and
BS (w)”*t“ are also naturally R-algebras and the maps m,_¢, are morphisms are R-algebras.
This shows that the multiplication BS(w) is compatible with the Z-module structure, that
is BS(w) is naturally a Z-algebra.

Our next goal is to compute explicitly, using the nil-Hecke ring, the element in I'(BS (w))
corresponding to P, . The idea is to show that this sections can be obtained as sections
of the constant sheaf on the subset {z € W | z < w} of the moment graph, which is a
subsheaf of BS(w).

For z € W and b € B we denote by b, its image in I'"B. Let 1, := (Pyid)s =
(12), € T*BS(w).%5 We recall that the right action of R on I'(BS(w)) is given by the map
o defined by ()\), = x(\). This in fact agrees with the right action on T*B: the module
I'* B is isomorphic to a direct sum of standard modules R,, hence for b € BS(w) we have
(b-N)g ="bz - X=1z(\)by.

Example 3.4.1. If s € S with s < wif A = w, € h* is a fundamental weight corresponding
to s (i.e. Oi(ws) = Ot s for all t € S) we get

Pu,s = Puid - Ts — TsPuid =@ ®1®...01-18...01® w,.

Hence, for any € W, we have (Py,s)z = (ws — 2(ws))14.

Lemma 3.4.2. For any x < w we have Py, € I's; BS(w), or equivalently (Pyqe)y = 0
unless x > y.

Proof. This follows by induction on ¢(w) — ¢(z) using (3.6). The base case follows since
we have Py - A — W(A)Pyw = 0, which implies Py, ., € Ty BS(w).

Assume Py, € I'sy BS(w) for all y > z. Then Py - A — 2(A)Py,z € I's; BS(w), hence
IPEVI‘ c FZxB. D

Lemma 3.4.3. For any x < w we have (Pyq)z = (—1)£(x)px1x, where p, € R is defined
in (1.2).
Proof. Recall from Proposition 3.1.2 that we have I's; BS(w)/T's, BS(w) = p,I'*"BS(w).

The element P, , is homogeneous of degree —¢(w) + 2¢(x). Then it maps to an element of

minimal degree in p,['* BS(w), i.e. (c;x)m must be a scalar multiple of p;1,. Let us write

(Chya)e = TPzly, with 7 € K. It remains to show that 7= (—1)4®),
We make use of the results of [Will6, §6.7 and §6.8]. We have an embedding

BS(w) = P T*BS(w)

which is an isomorphism after tensoring with @ on the left. The form (—, —) gg(,) induces
a form (—, —>%S( ) on I'*BS(w) such that, for any b,b' € BS(w), we have

00 Bsw) = Y (bes V) s

x

®The element 1, € " BS(w) is denoted by ¢y, in [Will6, §6.9].
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Since Cy 5 € I'<p; BS(w) and Py 5 € I's; BS(w) we have
1 = (Puwz,Cw,z)BS(w) = ((Pwa)z (Cw,w)x>%s(g) = (Tpala, (Cw,x)x>%s(w) =

= Tpac<1l"> (Cg,x)myés(w) :

It remains to show that (1¢, (Cw.e)e)Bg(w) = (=)@ (p,)~! = e, . We show this claim
by induction on w.

Let w = w's;. Recall the elements ¢;g = 1® 1 and ¢5, = %(asl ®14+1® ag,) of By,.
Let e = can,. Assume the last bit e is a U1, so that x = z’s;, with > 2’. Then

Cuwz = Cuyar @ Cs s = Coy r ® Cig € BS(w)
and (Cyr »)z = 0. By [Will6, Equation (6.8) and Proposition 6.17] we obtain

1 1

11-, waxélf :71x/7cw/w/ a:, w' = —
< ( w, ) >BS(Q) x(asl)< w’, >BS(7) x,<asl)

€x' ol = Exx

Assume now that the last bit of e is a U0. Then Cy; = Curz @ Cs4q = Cur o @ Cs.

Therefore )

(Lo, (Cov)a) psiuy = z(as,) (Los (Cure)) ey - (@) = €ra

O

Lemma 3.4.4. For anyy < w, the map R — I'Y(Hy,) defined by 1 — 1, is an isomorphism
of R-modules.

Proof. The module Fyﬁﬂ is generated by (Puy.z)y, for z € W. Hence, we have to show
that (Pw,e)y is a multiple of 1, for all z € W.

We show this by induction on 4(y) — ¢(z). The case ¢(x) < £(y) follows from Lemma
3.4.2 and the case ¢(x) = {(y) from Lemma 3.4.3. Recall from (3.6):

(y(N) = 2(N) (Pualy = Y %N (Pus)y

z<w

For all the z in the sum we have ¢(y) — ¢(z) < {(y) — ¢(x) and by induction we can write
(Puw,z)y = Vz,yly, for some 7., € R. Since x # y, we can choose A such that z(\) # y(A).
Recall that 'Y B is a free as a left R-module. Then if (Py, ), were not a multiple of 1, also
(y(A) = 2(X))(Puw,z)y would not be a multiple of 1,, and we would get a contradiction. [

For any =,y € W, with z,y < w the previous Lemma allows us to define v, ,(w) € R
such that (Pw.e)y = Yay(w)ly. We now show that -, ,(w) does not depend on w, as long
as x,y are smaller the w. For this, we compare it with the “inverse equivariant multiplicity”
dyy defined in §2.2.

Lemma 3.4.5. For any x,y < w we have vz y(w) = dg .

Proof. The statement will follow by induction on ¢(x) — ¢(y). For ¢(z) < {(y) it follows
from Proposition 2.2.9, Lemma 3.4.2 and 3.4.3. In fact, we have y(w)z, = 0 unless z <y
and y(w)y,. = (—1)€($)px =dy, for all z < w.
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From (3.6) then we have for any \.

Yoy (W) (Y(A) —2(N) = Y Y2y (w)r(N).

z<w

We also have from Proposition 2.2.9.iv)

Aoy (y(N) = (X)) = > day0h(N).

T—>rz
R

Since = # y and our realization b is faithful, we can choose A such that z(\) # y(A).
Since by induction we have d,, = 7,,(w) for all z such that x < z < w we obtain

’Vﬂﬁyy(ﬂ) = dx,y- D

This means that for x < w we can define a global section of the sheaf BS(w) by
(dayly)y<w-

Let y <w and t € T be such that ty < y. We have my_sy(dzyly) = Try—y(datyley) in
I'Y=%BS(w). This means that the restriction of (dy, — dy )1y is zero on the hyperplane
Gr(ty) NGr(y) of Gr(y), that is oy|dy y — dy ty. Therefore we can also define an element of
the structure algebra P, € Z by (Py)y = dy.y-

Lemma 3.4.6. The set {Py}zecw is a basis of Z as a R-module.

Proof. The set {Py}zew C Z is linearly independent over R since (P;), = 0 for y 2 = and
(Pm):c # 0.

Let Z' = span(P, | = € W). Let f € Z be homogeneous of degree 2d and let
Ag = {z € W | l(z) < d}. We fix an enumeration wy,ws, w3 ... of the elements of W
which refines the Bruhat order.

Let h be minimal such that f,, # 0. Then py, | fu,, 0

f’::f—@PUEZ
wp,

and f,,. = 0 for all i < h. If we repeat this enough times we end up with g € Z’ of degree
2d such that (f — g), =0 for all x € Ay.

Assume now that f # g, so there exists a minimal element w € W such that ¢(w) > d
and (f — g)w # 0. But this would imply py,|(f — g)w, which is impossible since deg p,, >
2d. O

Recall the ring Q@ = Hom_g(Qw, Q) defined in §2.2 and recall its left Qu-module given
by (f - ¥)(y) = ¥(ft-y) for v € Q. This allows us to define a W-action on Q via

w(®)(y) = (0w - ) (y) = »(0y-1y).

The W-action preserves the subalgebra A C Q [KK86a, Proposition 4.24(g)|.

Warning 3.4.7. Remember that we think of A as a R-algebra using the right action of R
but, on the contrary, we think of Z as a R-algebra via the left action of R.

Theorem 3.4.8. There exists a W -equivariant isomorphism of graded R-algebras ® : A =
Z which sends £* € A to P, € Z.
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Proof. For ¢ € A we can define ®(1); = ¢(0,-1) € [[,ciy B- The map ® is a homomor-
phism of R-algebras from A to [[ .y R.

Then, from Lemma 3.4.5, we get ®(£¥) = P,. In particular, ®(A) C Z and sends a
basis as a right R-module in a basis as a left R-module, hence it is an isomorphism.

For any x,y € W we have

Oz )y = (x-¥)(6y-1) = Y(6z-1y-1) = P(V)ya = (z- B(¥))y-
It follows that ®(z - ¢) = x - (). O

Notice that the isomorphism & also intertwines the left R-action on A and the right
R-action on Z, that is

O(f-v) =2(¥) - f.

As a consequence of the above discussion we can think of J?{TE as sections of the constant
sheaf on moment graph supported on the set {z | < w}. In this way we can give a natural
structure of shifted graded R-algebra on I}Q (with identity 12 lying in degree —¢(w)), so
that IA—IZE is a subalgebra of BS(w). The map py : Z — ﬁg defined by P, — Py is a
surjective R-algebra homomorphism and its kernel Ker p,, is generated by the elements P,

y £ x.
Let Z, be the ideal of Z generated by Ry, that is Z, =)y R4 P,. We define

Z=2/7Z,=R/Ry 9 Z 2 K®p Z. (3.7)

Let P, =1® P, € Z. Then {P,}.cw is a basis of Z over K.
Any Soergel bimodule B is in a natural way a module over Z, hence over Z. We also
have by Theorem 3.3.4 that

Hompgr(B, B') = Hom (B, B') = Homz(B, B').

For a Soergel bimodule B we define B = K ®z B. This is in a natural way a graded
right R-module. All graded right R-modules of this form are called Soergel modules. Any
Soergel module B is in a natural way a module over Z.

Remark 3.4.9. If W is the Weyl group of a reductive group G, then we have already
defined in §2.1.1 the element P, as part of the Schubert basis of H}(X,K). However,
in this case have an isomorphism Z = H2(X,K) and the definition of the basis {P,}
is consistent with the one given above: by Theorem 3.4.8 and Theorem 2.2.5 they both
correspond to the basis {£”} of the dual nil-Hecke ring.

In fact, we are in the setting of [GKM98|: the moment graph of W can be realized
taking as vertices the fixed point on the torus and as edges the 1-dimensional orbits of
the torus 7' on G/B. In particular, the full subgraph of vertices < w is the moment
graph of the Schubert variety X,,. From Lemma 3.4.4 it follows that we can realize H,,
as cohomology of the constant sheaf (shifted by —¢(w) = deg1€) on the moment graph of

X,. Thus we obtain from [GKM98, Theorem 1.2.2] that H,[—¢(w)] is isomorphic to the
equivariant cohomology Hrp(Xy,).

3.4.1 Translation functors on Z-mod

For s € S let Z° C Z denote the subalgebra of s-invariants.

Lemma 3.4.10. As a module Z* is a free R-module, with basis {Py }ys>v-
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Proof. This follows from [KK86a, Lemma 4.34| and Theorem 3.4.8. O

Let Z° = K ®p Z°. Recall the homomorphism ¢ : R — Z of §3.3 and consider
o(as) € Z.

Then Z is a free Z*-module with basis {1,0(as)} (cf. [Fie08, Lemma 5.1]). This also
implies that Z is a free Z°-module with basis {1, us}, where s := 1 ® o(a) € Z.

Proposition 3.4.11 (cf. [Fie08, Proposition 5.2] and [Soe07, Proposition 5.10]).

o The two functors Z°-mod— Z-mod defined by

M M Q@ Z(2) and M +— Homys(Z, M)
are equivalent.

o The functor Z-mod— Z-mod given by

M— M ®75 Z[l]
1s self-adjoint.

Proof. Let {1*, %} be the basis of Homys(Z, Z°) dual to {1, us}. Since deg1 = deg1* =
0 and degp® = —degpus = —2 we have that the map of Z -modules ¥ : Z(2) —
Homy:(Z, Z°) defined by 1 + p* and pg — 1* is an isomorphism. Because Z is free
as a Z -module, for any Z -module M we have a natural isomorphism of Z-modules:

y-1 —
M Qs Z(Q)

~

HOH]ZS (7, M)

M ®ZS HOIIl?S (7, 73)

¢ (1) @1 +d(us) © pg —— d(1) @ ps + Pps) ® 1

The second statement now follows since the restriction functor Z-mod— Z -mod is
right adjoint to — ®-= Z and left adjoint to Hom:(Z, —). O

The following proof is based on unpublished notes by Soergel, in which he considers
the case of finite Coxeter groups (Soergel’s proof also appears in [Ric17]).

Theorem 3.4.12 (Hom formula for Soergel modules). Let B, B’ Soergel bimodules. Then
K®gr HOInR®R(B,, B) = HOIH?(K KSR B/, K®gr B)

Proof. Let © : K ® Hompgr(B, B') - Hom,(K ®r B,K ®r B’) be the map defined by
Oz ® ¢)(2' ®b) = 22/ @ ¢(b). Since ¢ is a morphism of Soergel bimodules, it is also a
morphism of Z-modules, hence the resulting map is a map of Z-modules.

Because every indecomposable bimodule is a direct summand of a Bott-Samelson bi-
module, it is enough to show the theorem for B, B’ Bott-Samelson bimodules. Moreover,
by adjunction (Proposition 3.4.11 and [Soe07, Proposition 5.10]) we can restrict ourselves
to the case B’ = R, that is to show

K ®r Hompgr(R, B) = Hom4(K, K ® B).
By sending ¢ : R — B to ¢(1) we get

Hompgr(R,B) = {be B | Xb=">0\for all A\ € h*} =T';B.
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On the other hand, similarly, we obtain

Homz(K,K® B) = {b e K@ B| P, -b=0forall z € W\ {id}} = (1] Ann(P%).
r#id

The resulting map K ®g I';qB — ﬂmﬁd Ann(P,;) C K®p B is induced by the inclusion
I';4B — B.

For any Soergel bimodule B and any downwardly closed subsets A C A" C W the
inclusion 'yB — I'y/B is a split embedding of left R-modules. This follows because
SBim C Fy (or one can see this more explicitly from Proposition 3.2.4 if B is Bott-
Samelson). Therefore we have

K®pg (FAB/FA/B) = (K@R FAB)/(K(X)RFA/B)

In particular, K®pg ;4B C K ®pz B and thus O is injective.

To show that © is also surjective, it is sufficient to show that if b € K ®r B and
b ¢ K®pg'iyB, then there exists x € W \ {0} such that P, - b # 0.

Fix an enumeration wi, ws, ws . .. of the elements of W which refines the Bruhat order.
Let h € N be such that b €e K@QrI'<p, B and b € K®g '<p,—1B. Let x = wy,.

Multiplication by P, induces an isomorphism of R-bimodules

Py - (_) : FShB/FSh—lB = I'.B.

In fact, on I'c), B/T' <}, B = I'<; B/I' ., B multiplying by P, is the same as multiplying on
the left by (P). = (—1)!@)p,, hence its image is pzl'<zB/T <z B = I'y B by Proposition
3.1.2.

As a consequence we obtain an isomorphism of right R-modules

Px . (—) : (K KRR FShB)/(K KRR thle) :> K@R FxB

Hence to show that P, -b # 0 in B it is enough to show that for any x € W, we have
K®rI'yB C K®pk B. This is done in the next Lemma. O

Lemma 3.4.13. For any Soergel bimodule B and for any x the morphism I'yB — B is
split as left R-modules. In particular, there is an embedding

K®prl';B—K®grB.

Proof. Choose an embedding B 8 BS(w). We have already discussed the case x = id
in the Theorem above. We have R, € Fy, hence by [Soe07, Proposition 5.9(1)| also
BS(w)®gr R, € Fy. Since Fy is closed under taking direct summands, then also BQ R, €
Fv. The map B — B ®g R, defined by b — b ® 1 is an isomorphism of left R-modules
and induces an isomorphism of left R-modules

['.B =T4(B ®r Ry).

Now since the inclusion I';y(B ®r R;) < B ®pr R, is split as a map of left R-modules,
then also I'y B < B is split. O

Corollary 3.4.14. If B is an indecomposable Soergel bimodule, then B is indecomposable
as a Z-module.
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We derive also a formula for the dimension of the space of morphisms between Soergel

modules K® B and K® B’:

grdim HomZ(K ® B, K ® B') = (ch(B),ch(B')). (3.8)

Remark 3.4.15. Assume K = R. If W is a finite Coxeter group, then the ring Z can be
identified with the ring of regular functions of Gr(W) (cf. [Fie08, Theorem 4.3]), which
in turn is isomorphic to R ® zw R [Willl, Lemma 4.3.1]. Hence Z 2 K ® zw R = R/RY
is the coinvariant ring. In particular, Z is generated in degree 2 and the map R — Z is
surjective. Clearly, in this case we can replace Z by R (acting on the right) in the statement
of Theorem 3.4.12 and in (3.8).

3.5 The center of the category of Soergel bimodules

We give a different characterization of the R-subalgebra .FNIM C BS(w). We denote the
center of a ring A by Z(A).

Proposition 3.5.1. Let w reduced. Then H, = Z(Endggp(BS(w))).

Proof. Every endomorphism of BS(w) as an R-bimodule is also an endomorphism as Z-
modules, because of Theorem 3.3.4. Hence multiplication defines a map

Z — Z(Endggr(BS(w)))

whose image is ITIQ (which is seen as a subring of End®(BS(w)) via multiplication). It
remains to show Z(End®(BS(w))) C Hy.

Let ¢ € Z(End®*(BS(w))). Then ¢ commutes with the multiplication by any element
of BS(w). In particular ¢ is an endomorphism of BS(w) as a module over itself, that
is ¢ € End};s(w)(BS(m)) >~ BS(w), so ¢ is the morphism given by multiplication by an
element b € BS(w).

It remains to show that (b, il ¢) g s(w) = 0 for any non-canonical O1-sequence e. Fix such
a sequence e, and consider ¥ = YTy, . 0 LLy can,. € End®(BS(w)), so that U(15) = lly.
Since ¥ commutes with ¢, using Lemma 3.2.7 we get B

bllye=(poW)(15) = (Vo )(15) = ¥(b) = YV(LLy canye (b)) € Dy.

For degree reasons, the restriction of the trace Tr to Dy, is 0. We obtain (¢, lly ¢) Bs(w) =
0. O

From this we can easily compute the center of the category of Soergel bimodules. First
we recall its definition.

Definition 3.5.2. The center Z(.A) of an additive category A is the endomorphism ring
of the identity functor id4 : A — A.

It is well known that if W is a Weyl group, then the center of the category of Soergel
bimodules is isomorphic to the equivariant cohomology of the corresponding flag variety
(see for example [Str09, §3.1]). We generalize this to any Coxeter group:

Proposition 3.5.3. The center of the category of Soergel bimodules Z(SBim) is isomor-
phic to the structure algebra Z defined in §3.3.
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Proof. Let 0 : idspim — tdspim be a natural transformation and for any Soergel bimodule
B let np € End*(B) denote the corresponding morphism. We abbreviate 7, for npg(uw)-
By Proposition 3.5.1 we can think 7,, as an element of H,,.

Let p, : Z —»~ﬁ$[—€(x)] denote the projection. For z < w we have also a natural
projection py, » @ Hy[—l(w)] = Hy[—¢(x)] defined by Py y = Py if y < and Py, — 0
otherwise. The datum ({ﬁx[—ﬂ(x)]}xew, {pwvx}$§w> defines an inverse system on the
poset (W, <). We have

Z = lim H,[—{(x)).

zeW

Let now z < w and LLy can, : BS(w) — BS(z) for some reduced expression w, z.
Consider the commutative diagram

LLw,canz
BS(w) — BS(z)
J77w an
LLw,canx
BS(w) — BS(z)

Since LLy can, is a morphism of Z-modules, we obtain

Pwa (M) 1§ = LLy can, (Nw - 12) =Mz LLw,canz(lg) =Tz 1?

It follows that py (7w) = 7z, and the tuple z := (7)) is an element of mﬁx[—é( )| =22,

Any Soergel bimodule B can be embedded in a direct sum of shift of bimodules B.S(x)
with z reduced. It follows that ng is also multiplication by z.

This shows that the obvious map 7 - Z(SBim) is surjective. It is also injective

because if z € Z and z, # 0, then z acts non-trivially on B,. O

)

3.6 Counterexamples
In general, for an infinite Coxeter group it is false that
K®pr HOIHR®R(B,B/) = HomR(K®B,K®B'). (3.9)

We discuss now two examples where (3.9) fails. Furthermore, in the first example we
show that there exists an indecomposable Soergel bimodule B such that K ® B is not
indecomposable as a right R-module.

Example 1: Let K = R. Let W be an affine Weyl group and let h be a realization for w
of type II. All cohomology and intersection cohomology groups are taken with coefficients
in R. .

Let W C W be the corresponding finite Weyl group and G be the corresponding
simply-connected semisimple group associated to W. Recall the definition of the affine
Grassmannian Gr and the affine flag variety Fl from §2.3. Let p : Fl — Ggr be the
projection. Recall from Proposition 2.3.1 that p is a topologically trivial fiber bundle and
that we have an isomorphism of algebras

H*(Fl) = H*(G/B) ®r H*(Gr). (3.10)

In |[Har99| Hérterich showed that for any w € W we have R® B, = IH® (j—"\lw), where
Fly =1-wl/I C Flis the corresponding Schubert variety.
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Fixw € W/W and let Gri C Gr be the corresponding Schubert variety. Let w be the
longest element in the coset w. Then we have Fl,, = p~!(Gry). Since p is a topologically

—

trivial fiber bundle, the same holds for the restriction p : Fl,, — Grgz. We have
IH*(Fl,) = H*(G/B)[d] @r IH*(Gry) (3.11)

where d = dim G/B. The H'(j:\l)—module structure on IH'(j—"\lw) is given, in terms of the
isomorphism (3.10) and (3.11), by (f® f)(g®4¢') = fg® f'¢'. Tt follows that if I[H*(Grg)
decomposes as a Sym(H?(Gr))-module, then H’(j—"\lw) decomposes as a R-module.

Now assume further that the group G is simple. It follows that H?(Gr) is one-
dimensional and it is generated by P,, where u is the unique simple reflection not in W.
Therefore Sym(H?(Gr)) is isomorphic to the polynomial ring R[x], with deg(z) = 2. Note
that there are very few Schubert varieties Gry for which we have dim I H*(Grg) < 1 for all
i, and that if dim I H*(Grg) > 2 for some i then IH®(Gry) cannot be indecomposable as a
Sym(H?(Gr))-module. This describes how to produce many examples of indecomposable
Soergel bimodules B,, such that B, is decomposable.

_ The smallest explicit example is as follows: Let W be the affine Weyl group of type
Ag, that is W := (s,t,u) and mg = my, = mys = 3. Let W be the subgroup generated by
s,t and let w = stutst. Then R®g B, = IH'(j-'\lw) = H*(G/B)[3] @r IH*(Grsty), where
G = SL3(C). We have dim T H(Gry,) > dim H*(Grsw,) = 2, since H*(Grg,,) is generated
by Ps, and P;,. Hence the Soergel module R ®r B,, is not indecomposable as a R-module.

Example 2: The following is another smaller counterexample to (3.9) where we can
see in more detail algebraically what happens. Let W be the universal Coxeter group of
rank 3, i.e. W = (s,t,u) with mg = my, = mys = 00. Let w = stustu and consider the
bimodule BS(w).

For e € {0,1}% let c. be the string basis element defined as in §3.1. Consider the
element

b:= €000011 — €000101 + €000110 — €001010 + C001100 — €010001 — 2€010010+

2
+C011000 — €010100 + €100001 — €100010 — €101000 + €110000 € BS(Q)

We have h;q(BS(w)) = v® + 3v?, so in particular I';uBS(w) lies in degree > 4. Then
b & I';q(BS(w)) but the projection b € BS(w) belongs to Ann(Ry) (the element v has
been found with the help of the software Magma [BCP97], but verifying that b € Ann(R.)
can be easily done by hand). It follows that the map R — R ®g BS(w) defined by 1+ b
is a map of right R-bimodules which does not arise from any bimodule map R — BS(w).

Remark 3.6.1. These two counterexamples discussed above allow us to answer (nega-
tively) a question posed by Soergel in [Soe07, Remark 6.8|. In general, for infinite Coxeter
groups there exists no non-zero function ¢, € R® R homogeneous of degree 2/(y) such that
¢y is supported on Gr(< y) and vanishes on Gr(< y). In fact, if such elements ¢, € R®x R
exist, we could use them to play the role of P, in the proof of Proposition 3.4.12, and this
would imply the isomorphism (3.9).
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Chapter 4

Singular Soergel Bimodules and their
Hodge Theory

Throughout this chapter we assume K = R, so that b is a realization of type I or II.

4.1 Generalities on one-sided singular Soergel bimodules

For a subset I C S we denote by W; the subgroup of W generated by I. We say that [ is
finitary if Wy is finite. If I is finitary we denote by wy the longest element of W7y.

Recall that R denotes the polynomial ring Sym(h*). For a finitary I let R := RWI
the subring of Wi-invariants. Let (h*)! := (h*)"7 C RI. If we regard R as a graded
R!-module, it is free of graded rank 7(W7y), the Poincaré polynomial of Wr:

FI) =Y v

weWr

For a finitary subset I we work in the category of graded (R, R!)-bimodules. For a
graded (R, R)-bimodule B we denote by Bj its restriction to a graded (R, R!)-bimodule.

Definition 4.1.1. The category of I-singular Soergel bimodules SBim! is the full subcate-
gory of graded (R, R!)-bimodules whose objects are direct summands of By for B € SBim.

There is a duality functor DB = Homp_(B,R) on SBim!. The (R, R')-bimodule
structure on DB is given by

rfr'(b) = f(rbr') for any f € DB,b € B,r € R,»’ € R".

Let W/ be the set of minimal representatives for W/Wj. Then self-dual indecompos-
able I-singular Soergel bimodules Bl are parametrized by elements 2 € W/. Let 2 =
5182...5; be a reduced expression for € W, Then B! is the unique direct summand of
BS(s182...s;)r which is not a direct summand of any Bott-Samelson bimodule of smaller
length. Equivalently, BZ is the unique direct summand of B, := (B,); which is not a
direct summand of By, ; for any y such that {(y) < ¢(x).

Warning 4.1.2. We use a slightly different definition of the duality functor D respect
to [Willl]. It follows that our self-dual indecomposable bimodules Bl coincide with
Bl[—¢(w;)] in Williamson’s notation. For us, the bimodules Bl are more natural to con-
sider since Bf{ = R ®r B!l has symmetric Betti numbers, and in the geometric setting it
can be obtained by taking the hypercohomology of an intersection cohomology sheaf.
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Recall the Hecke algebra  of §1.3. For I finitary we define H! = HH,, ;- This is clearly
a left module over the Hecke algebra . The category SBim! “categorifies” this module.
In fact, in analogy with Soergel’s categorification Theorem 3.1.4, there is an isomorphism
of Z[v, v~1]-modules
ch : [SBim!] = #H!
such that the following diagram is commutative:

SBim x SBim! SBim!
ch x chl Chl
2 ox ! m i

where m is the multiplication in H.

Warning 4.1.3. Since we have a different definition of Bl respect to [Willl], we need
to change accordingly the definition of the map ch: we write ch(B) for ch(B[¢(w)]) in
Williamson’s notation, so that ch(BZ) in our notation coincides with ch(BL) in Williamson’s
notation.

With our convention, we have ch(Bj) = ch(B)H,,, (cf. [Willl, Theorem 6.1.5.(2)]).
On the other hand, notice that one need to insert a shift in the statement of [Willl,

Proposition 7.4.3|, that is if z € W/ we have
BL @ g1 R[l(wy)] = Bpw, € SBim.

A Kazhdan-Lusztig basis element H, belongs to H! if and only if y € W is maximal
in its coset in W/Wy. For x € W! we define H. = H,,, € H!. The set {H!} s forms

==rwr

a Z[v,v~1]-basis of H, known as the Kazhdan-Lusztig basis of H!.
We have:

Theorem 4.1.4 (Soergel’s Hom Formula for Singular Soergel Bimodules [Willl, Theorem
7.4.1]). Let By, By € SBim!. Then Hom®(By, Bs) is a free graded left R-module and

R 1
grrk Hom$o pr (B, B2) = ﬁ

where (—, —) is the pairing in the Hecke algebra defined in (1.5).

(ch(B1),ch(Bz)),

By [Willl, Theorem 3|, Soergel’s conjecture for Soergel bimodule (Theorem 3.1.6)
implies the corresponding result for singular Soergel bimodules:

Theorem 4.1.5. For x € W! we have ch(BL) = H.

.
It follows that

0 ifi<0,ori=0andz#y

o (4.1)
R ifi=0andz=y

Hom'(B], B)) = {

We can define a perverse filtration T on any singular Soergel bimodule. In fact, for any
B! € SBim! we have a (non-canonical) decomposition

B = @ (BLi])om=, (4.2)
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then we define
7<;B" = @ (BL[i))®™=.
(2]
It follows from the vanishing of negative degree homomorphisms (4.1) that the perverse
filtration is canonical, i.e. does not depend on the decomposition (4.2).
We say that B! € SBim! is perverse if we can write ch(B!) = Y, _yr m;HL with
my € Z>o. Hence, B! is perverse if and only if

B'= b (B])*™ with m, € Zso.
zeWl

4.2 Hodge-theoretic statements for singular Soergel modules

If W is a Weyl group of a semisimple algebraic group G, then the category of I-singular
Soergel bimodules is equivalent to the additive category generated by shifts of semisimple
B-equivariant perverse sheaves on the partial flag variety G/Py, or alternatively by shifts
of semisimple (B x P)-equivariant perverse sheaves on GG. The equivalence is given by the
hypercohomology, in fact if 7 € Pervpyp, (G, R), then H*F is naturally a graded module
over Hp p (pt,R) = R®R RL.

Let For : F € Pervpxp,(G,R) — Pervp,(G,R) be the functor which “forgets” the
B-equivariance. For w € W' let X! = B-2P;/P; C G/P; denote the corresponding
parabolic Schubert variety. We have

TH*(X!I R) = H*(For(ICp(X.,R))) = R/R; @g H*(IC(X.,R)) = R@p THY(X. R).

hence TH*(X.,R) is in a natural way a module over R!, and we have TH*(X! R) = BL
(where B! is constructed using the realization of Type II of ).

A line bundle £ on G/P; is ample if and only if its first Chern class p = ¢1(£) € (h*)!
is such that we have p(a;’) > 0 for all t € S\ I. In this geometric setting we can deduce
the hard Lefschetz theorem and the Hodge-Riemann bilinear relations with respect to an
ample class p directly from Hodge theory.

The main goal of this chapter is to establish the hard Lefschetz theorem and the Hodge-
Riemann bilinear relations for singular Soergel bimodules for an arbitrary Coxeter group
w.

Let p € (h*)! C RT. We say that p > 0 if p(aY) > 0 for any s € S\ I. Note that there
exists such a p with this property since the set {a) }scs is linearly independent in both
realizations of type I and II.

We fix now once for all p > 0 in (h*).

Lemma 4.2.1. Let w € W! and w = s1...s; a reduced expression for w. Then for any
i <1 we have (si41...5p)(ay,) >0

Proof. Since for any i we have s;...8 > $i41...5;, by [Hum90, Theorem 5.4] it follows
that 8 :=s;...si41() € ()T, therefore

(Sit1-- 'SZP)(OAZ) = p(B;) = 0.

It remains to show that p(8)) # 0. For this, it is enough to show that 38 & span{ay’ |t €
I).
Clearly, for any 4, $;8;41...5 € Wl and s;...spwr > Si+1 - .- 8wy, hence also

wrsy .. .si+1(a;/i) = w[(ﬁz\/) S (@V)Jr.
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But wy is the longest element in W7, hence it sends every positive coroot in span(cy’ | t € I)
into a negative coroot. Since both 3Y and w;(3)) are positive coroots, it follows that
B & span{ey’ | t € I). O

For B! € SBim! let Bl = R @ B!. This is naturally a right R/-module.

Warning 4.2.2. To be consistent with the rest of this thesis, our convention for modules is
the opposite of [EW14]. For us, Soergel modules are always right R-modules and singular
Soergel modules are right R/-modules.

Theorem 4.2.3 (Hard Lefschetz Theorem for singular Soergel modules). Let z € W.
Then multiplication by p induces a degree 2 morphism on BL such that for any i > 0 the
induced map p' : (BL)™" — (BL) is an isomorphism.

S
For z € W' we can choose a reduced expression z and an embedding B. C BS(x);.
Then we define (—, —) g1 to be the restriction of the intersection form on BS(z). The form

(=, =) pr is well defined up to a scalar. We fix the sign by requiring that (13, 1%-,05(“))305 >0

(it follows from the hard Lefschetz theorem that (12,12 . pf()) g1 # 0'). After fixing in

this way the sign we call (=, —)pr the intersection form of BL. For any b’ € BL, f € R
and g € R! we have

<fb7 bl)Bé = <b7 fbl>B£ = f<b7 bl)Bia
(bg, V') g1 = (b,V'g) 1.
The intersection form induces a real valued symmetric and R!-invariant form (—, —)pr on

BL. For i > 0 we define the Lefschetz form
(_7_)p_l: <_7_pZ>F£B£ XBJI:_ —-R.

Theorem 4.2.4 (Hodge-Riemann bilinear Relations for singular Soergel modules). Let
x € WI. For all i > 0 the restriction of Lefschetz form (—, —);i to Pp_i = ker(pi*t!) C
(BI)= g5 (—1)(-H@)+)/2_definite.

The arguments in this chapter will closely follow that of [EW14]. Our focus is on the
main modifications that are needed.

There is a major difference with [EW14]. The ultimate goal of Elias and Williamson
is in fact to use Hodge theory to show Soergel’s conjecture, and thus they need to carry
Soergel’s conjecture through the induction. We can avoid this, as we can instead deduce
Soergel’s conjecture for singular Soergel bimodules directly from the non-singular case.
This makes several proofs easier.

Remark 4.2.5. In [Willl] Williamson introduces a category SBim! of (J, I)-singular
Soergel bimodules for any pair of finitary set J,I C W. Aside from one passage in the
proof of Lemma 4.5.4 we do not need to consider this generality as the Soergel modules
one obtains are the same. In fact, for a double coset p € W,\W/Wy, if 7 B; e /SBim! is
the corresponding indecomposable (J, I)-singular Soergel bimodule and ¢ € W/W7 is the
maximal coset contained in p, by [Willl, Proposition 7.4.3] we have (up to some unspecified
shift):
R®ps "B} = B].

!Without appealing to hard Lefschetz at this stage, one can also notice that the proof of [EW14, Lemma
3.10] works also in our setting because of Lemma 4.2.1.
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Hence o
Bl =R®ps "B =R®r R@ps "B} =R &g B} = BL.

Notice also that we give a slightly different definition of the category SBim! compared
with [Will1]. To show that the two definitions are equivalent it is enough to show that for
any € W! we can obtain the indecomposable bimodule B. as a direct summand of the
restriction By of a Soergel bimodule B. Let x be a reduced expression for . We have

ch(BS(z);) = H,H,, =H[ + Y A\H],
Wlsy<x

and as in the proof of [Willl, Theorem 7.4.2] this means that B! is a direct summand of
BS(z)r. However, this simpler definition does not generalize to the (J, I)-case.

4.3 Structure of the proof

Recall that we have fixed p > 0 in (h*)!. The hard Lefschetz theorem and the Hodge-
Riemann relations are considered with respect to the fixed p. For x € W/, s € S we
say:

hL(z) := hard Lefschetz holds for BI.

HR(zx) := Hodge-Riemann holds for the Lefschetz form on BZ.
hL(s,z) := hard Lefschetz holds on BsBI.

for any reduced expression z of x
for any embedding BsB.L C BS(sx);
the restriction of the Lefschetz form of BS(sz)
satisfies Hodge-Riemann on B, BL.

HR(s,x) ==

Assume sxwy > xwy. Then BSIx is a direct summand of BSBQIC. Therefore hL(s,z) =
hL(sx) and HR(s,z) = HR(sz).

We will later introduce a deformation L¢, for ¢ € R>q, of the Lefschetz operator, such
that Lg is multiplication by p. We say:

hL(s,z)c := hard Lefschetz holds for L. on BsBL.

for any reduced expression x of x
for any embedding BBl C BS(sz);
the restriction of the Lefschetz form of BS(sz)
satisfies Hodge-Riemann on ?Bg{ with respect to L.

HR(s,x)¢ :=

An elementary argument (Theorem 4.5.1) shows that
HR(zx) = HR(s,x)¢ for ( > 0.

A crucial observation in [EW14]| is that the signature of a family of non-degenerate sym-
metric forms does not change. This shows

hL(s,z) for ¢ >0 and HR(s,x)¢ for ( >0 = HR(s,x)¢ for ( >0

The critical step is then to show hL(s, )¢ for ( > 0. Note that in the induction step
we also need HR(s,x)¢ for szwr < xwy and ¢ > 0. However, this is the easiest case and
it is covered by Theorem 4.5.4. If szxw; < xw; we have:

hL(x) = hL(s,x)¢ for all ¢ > 0.
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Thus, together with HR(s,x)¢ for ( > 0, hL(x) implies HR(s,z)¢ for any ¢ > 0.
Assume now szxwy > xwy. We need to divide into two cases. The case ¢ > 0 is done in
Theorem 4.5.5. For ¢ > 0 we have:
HR(t,z) forallte S, z€ W! such that z < & and tzwr > 2wy
HR(s,z)¢ for all z € W such that z < = — hL(s,x)¢.
HR(z) for all z € W such that z < sz

Finally, the case ( = 0 is done in Theorem 4.5.6. We have:

HR(x)
HR(t,z)
hL(z)

for all t € S, z € W' such that z < 2 and tzw; > 2wy 3 = hL(s,x).
for all z € W' such that z < sz

4.4 Singular Rouquier complexes

Let F be a complex of singular Soergel bimodules. Following the notation of [EW14| we
indicate the homological degree on the left, that is:

Fi=[..»"Fo'F"p o ]
We denote by {—} the homological shift, so that {(F{1}) = ‘1 F.

Let K?(SBim!) be the bounded homotopy category of complexes of I-singular Soergel
bimodules.

We define P20 := P (SBim!)Z0 to be the full subcategory of K(SBim!) with objects
complexes in K?(SB im! ) which are isomorphic to a complex F which satisfies 7<_;_1°F = 0
for all i € Z.

Similarly, we define PKX=C := PKP(SBim!)=" to be the full subcategory with objects
complexes in K(SBim!) which are isomorphic to a complex F which satisfies ‘F = T<_i'F
for all i € Z. Let PKY =PK=0 NP0,

For s € S let Fs denote the complex

0
Fy,=[0— By % R[1] - 0]

where ds(f ® g) = fg.2 Then tensoring with F, on the left induces an equivalence on
the category K?(SBim!). The inverse is given by tensoring on the left with the complex

Eo=[0 - R-1] % B, 0] Here d\(1) = ¢ = Yaw ® 1+ 1® ay).

For any x € W we consider the complex F. s, - - - I, for any reduced expression sj ... sj,
of . As an object in K°(SBim) it does not depend on the chosen reduced expression
[Rou06, Proposition 9.2|. Hence, also (F, ... Fs,)r does not depend on the reduced ex-
pression as an object in K*(SBim?).

We choose F! 8 (Fs, ... Fs.)r to be the corresponding minimal complex (see [EW14,
§6.1]), so Fl = (Fy,...Fy,)r in K*(SBim!) and the complex F! does not contain any
contractible direct summand. We call F! a singular Rouquier complex.

Observe that if F, is the Rouquier complex for € K’(SBim), i.e. is the minimal
complex for Fy, ... F,, then Fa{ can also be obtained as the minimal complex of Fj ; :=

(F,); in K*(SBiml).

0
2We use — to indicate where the object in homological degree 0 is placed.

55



Lemma 4.4.1. Let v € Wl ands € S.
i) If szwy > xwy then FyBL € P20,
i) If szwy < zwy then FsBL = BI[-1].
Proof. i) From Theorem 4.1.5 we have ch(B;Bl) = H.H! = H!, + > _,,, m,H! with

z2<xs
m € Z>o. Hence

B.BL> Bl o @) (B)".

zewl
z<xs

Then the complex
0
F,Bl =0 — B;B. — Bl[1] = 0]
is manifestly in PCZY.

ii) We have ch(B,BL) = HH. = HH,, = (v+ v ')HL. Therefore B;B. =~ BI[1] ®
Bl[-1] and

0
F,BL =0 — Bl[1]® BL[-1] — BI[1] — 0].
Tensoring with Fy induces an equivalence on the category Kb(SBim!), and since Bl is

indecomposable also the complex FyB! must be indecomposable. Therefore the map
0

BI[1] — BL[1] cannot be 0, otherwise B.[1] would be a non-trivial direct summand
of FsxBL. Since BI[1] — BI[1] is non zero, it is an isomorphism and BI[1] — BI[1] is
a contractible direct summand that we can remove from the complex. In this way we
obtain F,Bl = BI[—1] € =0, O

Lemma 4.4.2. Let F € PK20. Then F,F € PK=0.
Proof. We denote by w>j, the truncation of complexes, that is
wspF =[0—=F s Mp ]

We have distinguished triangles
W2k+1F — kaF — kF{—k} ﬂ)

Fy(wski1 F) = Fy(wsiF) — Fy(*F{—k}) 1

Since F,(*F{—k}) € PKZ° by Lemma 4.4.1, the statement follows by induction on k using
the analogue of [EW14, Lemma 6.1]. O

Corollary 4.4.3. For any x € W' we have FI € PK=0.

Proof. Since F! = F, F,,...F, (R;) € K’(SBim!) this follows by induction on £(x)
directly from Lemma 4.4.1 and Lemma 4.4.2. O
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4.4.1 Singular Rouquier complexes are A-split

We can identify R ®r R! with the ring of regular functions on b x (h/Wj). The inclusion
R®g R' — R ®g R corresponds to the projection map 7 : h x h — b x (h/Wr).

For a coset p € W/W; let Gr!(p) be the image Gr(p) under 7, where Gr(p) C b x b is
the twisted graph defined in §3.1. Similarly, if C C W/W7j let Gr!(C) = Upec Gri(p).

Let B! € SBim!. For C € W/W; let IeB = {b € B | suppb € Gr!(C)}. The
functor I'c extends to a functor T'¢ from KP(SBim!) to the homotopy category of graded
(R, R")-bimodules, which we denote by K°(R-Mod-R').

Let ¢ : W — W/W7 denote the projection. For y € W/W7 let us denote by y_ the
minimal element in the coset y. The bijection W/ = W/W; induces a Bruhat order on
W/Wr, i.e. we say y < z if and only if y_ < z_. The projection ¢ is a strict morphism of
posets:

Lemma 4.4.4. Let w > v in W. Then q(w) > q(v).
Proof. This follows from [Dou90, Lemma 2.2]. O
For any B € SBim and any C' C W/W} we have by [Willl, Prop 6.1.6]

(Ty-1(0)B)1 = T (By). (4.3)

Note that ¢ 1(> y) = {&# € W |z > y_}. If 2 € W! we write T'L_ for the functor
Lyewiy>ay on SBim!, to differentiate it from the functor I's, on SBim.

We choose an enumeration y1,y2,ys3, . . . of W/W refining the Bruhat order on W/W7.
For any coset y; € W/W; we choose an enumeration y; 1,¥i2,¥:3 ... of the elements in y;
refining the Bruhat order. Let

R1 = Y11, 22 = Y1,2, -+ BWi| = Y1|Wy] RWrl+1 = Y2,1, Z|Wil+2 = ¥Y2,2----

By virtue of Lemma 4.4.4, z1,29,23... is also an enumeration of W which refines the
Bruhat order.

We denote by FIZm the functor I'gy,.i>my on SBim! and by ['>p the functor Iy, i>pmy
on SBim. For | > k, let

szk/zzB = (Flsz)/(FIle)'

The functor I‘I>k/>
we define the functors I'sy />, I'
respective homotopy categories.

Fix y = ¢, € W/W; and x € W!. We have (y,,,)_ = 2z for some k and (yp,11)_ =
2w~ Then by the hin-und-her Lemma for singular Soergel bimodules [Willl, Lemma
6.3.2] we have

, extends to a functor Flzk/zl . KY(SBim!) — KP(R-Mod-R!). Similarly,

ém/zy, ['>;/>y. They also extend to functors between the

Pl oy (ED =1L (Fer) 2T s (Fur) 2 (Dspysiswy Fo)1r € KP(R-Mod-RY)

Assume x &€ yp,. Then z = z; with j < k or j > k + |Wj|. For any i such that
1 < i < |Wj| we have a distinguished triangle in X?(R-Mod-R)

(1]
UspyskvioiFe = Uspyoirite = Uspvic1ysirife —

and the last term is 0 by [LW14, Prop 3.7|. It follows by induction that I's /> g4 yw, | Fr = 0,
hence

Il o (FD =TL o (Fer) = Dok, Fe)r = 0 € KP(R-Mod-R").
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Assume now x = y_, so that z = z;. Let R, 1 := (R;)s. Since

Usp/ops1Fe = Re[—4(z)]

the same argument as above shows I'>y /> g1 jw, | Fr = Re[—£(z)], hence

Tl oe(F) =T o (Fon) & (Copyspawy Fe)r = Ry 1[—€(2)).
We obtain the singular version of [LW14, Prop 3.7]:

Lemma 4.4.5. Let x,y € W!. Then

I n_Jo ify # z,
F2y7>y(Fx) - {RL][—K(Z')] ny — 2

Remark 4.4.6. If we view Fy as a complex of graded left R-modules it splits, i.e. we
have Fi = R[—1] in K’(R-mod). Similarly (Fy, Fs, ... Fs,); = R[—k] in K’(R-mod). For
r e Wl let FI' =R ®p Fé . It is a complex of graded real vector spaces. It follows that

we have:
g R[—{4(x)] ifi=0,
0 if 1 #£0.

4.4.2 Singular Rouquier complexes are linear

For us it is important to understand how singular Rouquier complexes look. The idea
is to use the first differential in a singular Rouquier complex as a replacement for “weak
Lefschetz” in the inductive proof of hard Lefschetz. More precisely, the first differential
will have the role of the map ¢ in [EW14, Lemma 2.3]. For this, we first have to show that
the first differential is a map of degree 1 between perverse singular Soergel bimodules.

Lemma 4.4.7. Let v € WL, Fori > 0 if 'F! contains a direct summand isomorphic to
BI[j], then ""1F! contains a direct summand isomorphic to BL[j'] with 2’ > z and j' < j.

Proof. The proof is the same of [EW14, Lemma 6.11]. From Theorem 4.1.5 (and the
definition of the map ch, cf. [Willl, §6.3]) we have that for any y,z € W/ the bimodule
Flzz/%(Bé) is generated in degree < /(z) if y > z and ]‘—‘Izz/>z(B£) = R, [—(2)].

The image of BI[j] in "1 F! is contained in 7«_;(*T1Fl) because of (4.1): in fact any
non-zero homomorphism in degree 0 is an isomorphism and thus yields a contractible direct
summand.

Applying T'L

>z/>z
This cannot be a direct summand in I‘I>Z />Z(7'<,j’+lFa{ ) and cannot survive in the coho-

to F! the direct summand BI[j] induces a summand R, ;[j — ¢(z)].

mology of the complex because of Lemma 4.4.5. Thus R, ;[j — £(z)] must be the image of
a direct summand R ;[j — £(z)] in I's,/~ (7 ("1Fy)).
This implies that there is a direct summand B; [k] in ""'F, withy > zand k < j. O

Theorem 4.4.8. Let x € W' and F! be a singular Rouquier complex. Then:
i) °F! = Bl
i) Fori>1,'Fl = @(BI[i))®™=i with z < x, 2 € W! and m.; € Z>o.

In particular, F! € PKO.
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Proof. We apply the previous lemma. The same proof shows that since ~!(F!) = 0, the
only direct summands occurring in °(F) is BL. By induction we have ‘F! = 7<_;F! for
any i > 0. Now ii) follows since we already know F} € PX=° from Corollary 4.4.3. O

Remark 4.4.9. We can define the character of a complex F € K*(SBim!) as

ch(F) =) (1)’ ch(‘F).
€L
If 2 € Wl and £ = $182.. . s; is a reduced expression we have

ch(F}) = ch((Fy, Fy, ... Fy,)r) = H,H,,, = HL.

An immediate consequence of Theorem 4.1.5 is that there is a non trivial morphism of
degree i between BL and Bl for z,y € W' if and only if i and ¢(z) — {(y) have the same
parity. Because of Theorem 4.4.8 we can write

HL= Y (-1) ch(Fa) = 3 gy H]

120 y<z
with gz2(v) = 1 and gy2(v) = > ,o0my,i(—v)". The polynomials g, , are the parabolic

mverse Kazhdan-Lusztig polynomials. We obtain that for any y < x the polynomial
(—=1)!®=4=)g, . has non-negative coefficients.

4.4.3 Singular Rouquier complexes are Hodge-Riemann

The complex F! is a direct summand of (Fj L+ Fs,)1 for a reduced expression z =
51...5y. Hence, for any j, 7F! is a direct summand of /(Fy, ... Fs, )y, that is

IFIC @ BS@)l

z'em(z,j)

where 7T( j) is the set of all subexpressions of z obtained by omitting j simple reflections.

Fix A = (Ag/)aren(a,j) @ tuple of strictly positive real numbers. We define a symmetric
form (—, —)* on @ BS(z'); by
BV = > A lby, V) sy for all b= (by), b = (V) € @ BS@)r (4.4)
z'em(z,j) z'emn(z,j)

where (—, —) pg(a) is the intersection form on BS(z'); = BS(z') defined in §3.1.1.
We say that F! satisfies the Hodge-Riemann bilinear relations if we can choose an

o
embedding F! C C (F, ... F,)r such that for all tuples A as above, multiplication by p
on the right on 7 F;[—j] satisfies the Hodge-Riemann bilinear relations with respect to the
form (—, —)*.

Proposition 4.4.10. Assume HR(s,y) for all s € S and y € W' with y < x such that
sywy > ywy. Then Fl satisfies the Hodge-Riemann bilinear relations.

Proof. Fix a reduced expression £ = s1...,, and let s = s1, y = s3...S,,. By induction

S
assume FyI satisfies Hodge-Riemann so that we can find an appropriate embedding FyI -
(Fsy ... Fs, )1
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Now F! is a direct summand of F, sFyI , so we have an embedding

o .
IFI—j] CU(BED)[—j) @ Fl[- @ BsBS(y P BSE )=
y'en(y.j) y’/eﬂ(g,jfl)
= P BsE)
z'en(z,j)

We fix a tuple (f1g7)gren(
of positive real numbers.

From Theorem 4.4.8, we know that /F![—j] = @(BL)®"= with m. € Zxo. Let
1F}|—j] = B" & B* with

B'=  BH*= and B'= P (B

SZWr>zZWr Szwr<zwr

or equivalently two tuples (Ay/),rer(y,j) and (oy7)yre

z,5) m(y,5)

The decomposition is orthogonal with respect of the restriction of the form (—, —)* since
Hom®(B",DBY) = 0. Then also B,B" and B,B" are orthogonal with respect of the
restriction of the form (—, —)* on BS(ijI[—j]). In fact, for any b € BT and b’ € BY we
have:

(ciab, ciab ¥ = 95 ((b, b)) = 0 (4.5)
(csb, ciab )" = (cigb, cs' ) = (b, ) =0 (4.6)
(esh, csb ) = ag (b, b)) = 0. (4.7)

The bimodule B;B' is perverse while BsBY = B¥[—1] @ B*[1]. So we have a decompo-
sition
IFH- ]CBBi@B Bl e/ 'Fl—j+1]. (4.8)

The inclusion is, by definition, an isometry. This decomposition is orthogonal with respect
to the form (—,—)*. Moreover by (4.1) the image of 7F![—j] — B,B* is contained in
BY[1].

Claim 4.4.11. The restriction of the Lefschetz form (—, —),% = (=, — - pF)* to (BV[1])~*
is zero.

D
Proof of the claim. Let Bl C B* and let z = t;.. tl be a reduced expression. Then

~

2 =ty...ty € W and t12'w; > Z'w;. Since Bl C By, B ,, the hypothesis HR(t1,2")
implies that multiplication by p satisfies hard Lefschetz on B, hence on B¢ ie.

P (BY)™U S (B for all i > 0.

By shifting we get p' : Bi[l]_i_1 = Bi[l]A_l. Let P, 17" = Ker p"t! C Bi[l]_i_1 so that

for any m < 0 we have

Bl = @ Y.l

jZmax{mT'H,O}

Let x € P,fn_2j, y € P;”_% for some j > k > 0, then

(zp!,yp*) = (w,yp TFTmE =0

because j +k —m > 2k —m and y € Ker(p?—™). O
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So the image of JF/[—j] in BsB} does not contribute to the Lefschetz form. We can
consider the projection onto the other two factors

i :IFl[—j] = BsBT @7 F][—j + 1]

which is an isometry.

Furthermore, the map i is injective, in fact J ] 8 I(F SFyI ) is a split inclusion and since
when we project to SBim! /rad (SBim!), the image is contained in B,B" EBj_leI[—j +1],
then also ¢ must be a split injective morphism.

Using the fact that 7 F! is stable under the Lefschetz operator and that Hodge-Riemann
holds by induction for both BsBT and /=1 F][—j + 1], the thesis follows. O

4.5 Hard Lefschetz for singular Soergel modules

4.5.1 Deforming the Lefschetz operator

Let B! € SBim! be a direct summand of BS(z);. If the intersection form on B! is the
restriction of the intersection form on BS(z);, then we equip BsB! with the restriction of

52
the intersection form of BS(sxz); (with respect to the embedding B;B! C B;BS(x)r).
For ¢ > 0 we define the deformed Lefschetz operator L; € End?(BsB!) as

Le(bs@b) =bs @ (b-p) +Cbs - p) @b for all by € By and b € B,

so that for ¢ = 0 we recover the Lefschetz operator given by multiplication by p on the
right.

Theorem 4.5.1. If Bl € SBim! is such that B! satisfies the hard Lefschetz theorem and
the Hodge-Riemann bilinear relations, than also BsB! satisfies the hard Lefschetz theorem
and the Hodge-Riemann bilinear relations with respect to the Lefschetz operator L¢ for any
¢>0.

Proof. The proof is exactly the same as in the non-singular case [EW14, Theorem 5.1]. O

4.5.2 Factoring the Lefschetz operator

Let x = s153...5 and x; = s1...8,15;41...5 forany 1 <4 < 1. Let v = s51...5:41(p)
for all 1 <14 < k. Recall that ~; > 0 for all i. We rescale the intersection forms on BS(z;);
using the tuple v = (;) as in (4.4) and we obtain a form (—, =) on @, BS(x;);.

Let

l
¢ : BS(x); — @ BS(x;):[1]
i=1

be the map induced by first differential in (Fy, F, ... F,);. We have the following by
[EW14, Lemma 6.15]:

Lemma 4.5.2. We have (b, b’p>% = (¢(b), o)) for any b,b’ € BS(z);.

Fix ¢ > 0. Let s = s1 so that = sz;. Let now p; = ~; for all 2 < ¢ < [ and
p1 =7+ ¢p(ay). Let L¢ the operator on BsBS(z)r defined in §4.5.1.

Lemma 4.5.3. We have (b, LC(b/»BS(@ = (¢p(b), p(b'))* for any b,V € BS(z);.
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Proof. Assume b = b; ® by and b’ = b} ® by with by, 0] € B, and bo, by, € BS(zj);. Then
(b, Le (V) a7y = (0,0 p)gagy + S0, b1p @ o) gy = (6(b), 6(6))7 + ¢ (b, bhp ® Uy) 5oy

Now, a straightforward computation as in (4.5)-(4.7) shows that, (b; ® ba, bl p® b’2>m =

0s(p) (b2, bé}m. The claim follows. O

4.5.3 Proofs of hard Lefschetz

We are now ready to prove hard Lefschetz for the operators L¢ for ( > 0. As in [EW14,
§6.8] we have to divide into three cases.

Theorem 4.5.4 (Hard Lefschetz for > 0, szwr < zwr). Assume hL(x), then hL(s,x)¢
holds for any ¢ > 0.

Proof. Let y € Wi \W/W; be the double coset containing x. Then there exists an
indecomposable ({s}, I)-singular Soergel bimodule {#} B! € {s}SBim! such that

R®ps 'Bl = B!

(cf. |Willl]). Then any decomposition R = R® & R*[—2] as R°*-modules induces a decom-
position

BBl = R®rs R@gs ¥ BI[1] 2 R@ps (R°[1] ® R°[-1]) ®s "' BT = BI[1] @ BI[-1]

of (R, R')-bimodules. We fix a decomposition R = R* @ R*[—2] as in [EW14, Theorem
6.19] and we obtain, by the same computation therein, that the operator L¢ can be written
with respect of the decomposition BsBL = BI[1] & BI[—1] as:

te= (é;@ <—§]-p> | <B§%[—Hﬂ> - <BB£%H1> |

Notice that {p(a)) > 0. We have an isomorphism of graded vector spaces

w
PR

B, Bl = R[z]/(z*)[1] ®k BL

and L¢ acts on R[2]/(2%)[1] ®g BI as multiplication by ¢p(aY)z ® 1+ 1 ® p. Hence L is
the sum of two operators both satisfying hard Lefschetz, hence also L. satisfies it, as it
is immediate from the representation theory of sla(R) (cf. the proof of [EW14, Theorem
6.14]). 0

Theorem 4.5.5 (Hard Lefschetz for ( > 0, sxw; > zwy). Let { > 0 and szw; > xwy.
Assume

e HR(t,z) for allt € S and z € W' such that z < x and tzwy > 2wy,
o HR(s,2) for all z € W such that z < x,
e HR(x).

Then hL(s,x)¢ holds.
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Proof. Let x = s1...s. We define v; = (siq1...5p)(ay,) for 1 < i < m and py =
(xp)(a)) + (p(a). From Lemma 4.2.1 we see that all the v;’s and uy are positive. Let

s

i = i1 for i > 1. Let ¢ be the first differential in the complex (FF, ... Fs,);. Then by
Lemma 4.5.3 we have

<b7 b p>BS(S£) = <¢(b)7 ¢(bl)># for all b? o' € BS(S@)[

The rest of the proof continues as in [EW14, Theorem 6.20] and we only sketch it.

S
By Proposition 4.4.10 we can fix an embedding F! C (Fj, ... Fy,); such that F! satisfies

Hodge-Riemann with respect of the form (—, —)7. The first differential of F,F is B B! LA
B,'Fl @ BI[1]. With respect to this decomposition we write ¢ = (dy,ds). It is clear that
we have d1 ¢) LC = LC @) dl, while

da(L¢(b)) = da(b) - p+ Cp - da(b).

Hence, if we call L the operator on B;'F! @ BI[1] which is L¢ on B!F! and (—) - p on
BI[1], after passing to ¢ : BsBL — Bs'F! @ B,[1] we have

¢(L¢(b) = L(¢(b))  for any b € B,Bj.

Now ¢ is injective in degree < £(x) by Remark 4.4.6 and by hypothesis B! F! & B,[1]
satisfies Hodge-Riemann with respect of L and restriction of (—, —)*. We can then apply
[EW14, Lemma 2.3] to deduce hL(s,x)c. O

Theorem 4.5.6 (Hard Lefschetz for ( = 0, sxw; > zwy). Let sxwy > xwy. Assume
e HR(t,z) for allt € S and z € W! such that z < x and tzwy > zwy,
e HR(x),
e hL(z) for all z € W' such that z < su.

Then hL(s,z) holds.

Proof. Let © = s1...s;.. We define ~; = (si_,_l...slp)(a;/i) for 1 < i < mand pu; =
(zp)(a). From Lemma 4.2.1 we see that all the ;’s and py are positive. Let u; = ;41
for i > 1. Let ¢ the first differential in the complex (FFj, ... Fs,)r. Then by Lemma 4.5.2
we have
(b, LCbl>m = (¢(b), p(V'))" for all b,b" € BS(sz);.
The rest of the proof continues as in [EW14, Theorem 6.21] and we only sketch it.

S
By Proposition 4.4.10 we can fix an embedding F! C (Fj, ... Fy,)r such that F! satisfies
Hodge-Riemann with respect of the form (—, —)7. Let 'F![-1] = BT @ B¥ with

B'=  BH®™ and B'= € (B

SZWy>ZWr Szwr<zwr

so that ByB' is perverse and BsBY = B‘[1] @ BY¥[—1]. The first differential of FyF! is
B,B. % B,B'[1)® BI[1] ® B* & B*[2).

Because of Proposition 4.4.8 we know that B*[2] is contained in a contractible summand
of F,F! hence we can remove it and obtain:

B.B. % B,B'[1] @ BI[1] ® B*.
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With respect to this decomposition we write ¢ = (dj,da,d3). The same argument as in
(4.8) shows that the decomposition above of ! (FyFY!) is orthogonal with respect to (—, —)H.

We want to show that if b € ByBI " then b- pF # 0. If d(b) # 0 then it follows from
hard Lefschetz on BY, which we know by hypothesis since in B+ only summands B! with
z < Sx occur.

Assume now dz(b) = 0, so that b belongs to V := Ker(dz) C B,BL. The map ¢ restricts
to a map V — ByB'[1] @ B,[1]. By hypothesis we have Hodge-Riemann on both ByBT
and B, for the multiplication by p. Now applying [EW14, Lemma 2.3] we obtain that
multiplication by p satisfies hard Lefschetz on V. This completes the proof. O

4.6 Consequences for non-singular Soergel modules

Let £ € W and s € S be such that xs > x. Let B, € SBim be the corresponding
indecomposable (non-singular) Soergel bimodule. Assume I = {s}, so that w; = s. Then
(Bg)r1 is a perverse singular Soergel bimodule, in fact we have:

Ch((Bx)I) = ngﬂs = EQIC + Z myﬂé with my € ZZO
Ys>y
y<zx
We obtain the following:

Corollary 4.6.1. Let z € W be such that xs > x. Then if p > 0 in (§*)%, i.e. p(a)) =0
and p(ay’) > 0 for all t # s, multiplication by p on B, satisfies the hard Lefschetz theorem
and the Hodge-Riemann bilinear relations.

Proof. Since
(B2)r = BL e (P (BLH#™ (4.9)

ys>y
y<x

hard Lefschetz for B, follows from hL(y) for all y such that Bé is a direct summand in
(4.9).

Let @y be a fundamental weight for s and let p; = p + (w, for ¢ > 0. Since p¢
satisfies hard Lefschetz on B, for all { > 0 and Hodge-Riemann for every ¢ > 0 (from the
non-singular case), and since the signature of a family of non-degenerate forms does not
change, we deduce Hodge-Riemann for py = p. O

Hence, we obtain the results of [EW14] for a slightly larger set of classes p.

Remark 4.6.2. Corollary 4.6.1 has a geometric motivation. Assume that W is the Weyl
group of a complex semisimple group G. Let x € W be such that xs > x for s € S and
let X, C G/B be the corresponding Schubert variety. Let P be the minimal parabolic
subgroup of G containing s. Then the restriction of the projection G/B — G /P to X, is
semismall. It follows from [dM02, Theorem 2.3.1] that the pull-back of any ample class on
G /P satisfies hard Lefschetz and Hodge-Riemann on X.

Remark 4.6.3. Assume w € W such that ws > w. Notice that ch(B;) = H, for all
x < ws and Corollary 4.6.1 for w imply ch(Bys) = H,,,, so if one could prove the previous
Corollary by other means, one would obtain an alternative proof of Soergel’s conjecture.
In fact, let I = {s} and fix p > 0 in (h*)!. Let z < w € W be such that xs > z. Let

Pp’lc C (By) 7" the primitive part, i.e. Pp’k = ker(pF*1).
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We have a symmetric form on Hom(BZ, (B,);) defined by (f,g) = g*o f € End(B]) =
R, where g* denotes the adjoint with respect of the intersection forms. Then, as in [EW14,
Theorem 4.1|, the map
Hom(BL, (Bw)r) — P, @)

defined by f — f(12) is injective and, if we equip Pp_e(m) with the Lefschetz form, it is an
isometry (up to a positive scalar). If d = dim Hom(B., (B,)r), it follows that (BL)? is a
direct summand of (By,)s, hence (Bg)? is a direct summand of B, Bs.

Notice that this proof of Soergel’s conjecture is a close translation in the language of
Soergel bimodules of the proof of the decomposition theorem for semismall maps given in

[dMO2].

Example 4.6.4. Let W be the Weyl group of type Az with simple reflections labeled
s,t,u. Let I = {s,t}, so that w; = sts. Then stu € W! but a simple computation in the
Hecke algebra shows that

Hstuﬂsts = HI + ﬂi + (U + U_l)ﬂz']d‘

==stu

Therefore, the singular Soergel bimodule (Bgy,); is not perverse, and no p € (h*)! satisfies
hard Lefschetz on Bg,.
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Chapter 5

The Néron-Severi Lie Algebra of
Soergel Modules

Let Y be a smooth complex projective variety of dimension n and p € H?(Y,R) be the
Chern class of an ample line bundle on Y. The Hard Lefschetz Theorem states that for
any k € N cupping with p* yields an isomorphism p* : H"7¥(Y,R) — H"*t¥(Y,R). This
assures the existence of an adjoint operator f, € gl(H*(Y,R)) of degree —2 which together
with p generates a Lie algebra g, isomorphic to slp(R). In [LL97| Looijenga and Lunts
defined the Néron-Severi Lie algebra gns(Y) of Y to be the Lie algebra generated by all
the g, with p an ample class.

In §5.1 we review the definition and properties of Lefschetz modules from [LL97|, re-
stricting to the case of Hodge structure of Hodge-Tate type. In §5.2 we explain how to use
the Néron-Severi Lie algebra to prove the Carrell-Peterson criterion for rational smoothness
of Schubert varieties.

The next sections are devoted to the problem of computing the Néron-Severi Lie algebra
of Schubert varieties. In §5.3 we translate this problem: we prove that the Néron-Severi Lie
algebra is maximal, i.e. it is the Lie algebra of automorphisms of the (rescaled) intersection
form, if the cohomology ring H®(X,,C) of a Schubert variety does not admit a tensor
decomposition. In §5.4 we introduce a graph Z,, associated to an element w € W. We use
the graph Z,, to prove a sufficient condition: if the graph Z,, has no sinks then H*(X,,, C)
is tensor-indecomposable. Finally §5.5, we restricts to the case of Schubert varieties of type
A. In this case we have an explicit description of the coinvariant ring and we can exploit
it to obtain a complete classification of the Néron-Severi Lie algebras.

5.1 Lefschetz modules

In this section we recall from [LL97| the definition and the main properties of the Néron-
Severi Lie algebra.

Let M = @y M ¥ be a Z-graded finite dimensional R-vector space. We denote by
h : M — M the map which is multiplication by k on M*. Let e : M — M be a linear map
of degree 2 (i.e. e(M*) C M**2 for any k € Z). We say that e has the Lefschetz property if
for any positive integer k, e* gives an isomorphism between M ~* and M*. The Lefschetz
property implies the existence of a unique linear map f : M — M, of degree —2, such that
{e, h, f} is a sly-triple, i.e. {e,h, f} spans a Lie subalgebra of gl(M) isomorphic to sly(R).
We can explicitly construct f as follows: first we decompose M = )~ Re](P,*) where
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P7% = Ker(eF],,-«), then we define, for p_; € P;*,

€

i(k—i+1De"lp . if0<i<k,

H(e'p—r) = {0 if i = 0.

The uniqueness of f follows from [Bou68, Lemma 11.1.1. (VIII)]:
Lemma 5.1.1. Let {e, h, f} and {e, h, f'} be two sly-triples. Then f = f’.

Remark 5.1.2. From the construction of f, we also see that if e and h commute with an
endomorphism ¢ € gl(M), then f also commutes with .

Lemma 5.1.3. If h and e belong to a semisimple subalgebra g of gl(M), then also f € g.

Proof. Since g is semisimple, the adjoint representation of g on gl(M) induces a splitting
g@a, with [g,a] Ca. If f = f+ " with f/ € g and f” € a, then {e, h, f'} is also an
slo-triple. The uniqueness of f implies f = f/, thus f € g. O

Now let V' be a finite dimensional R-vector space. We regard it as a graded abelian
Lie algebra homogeneous in degree 2 and we consider a graded Lie algebra homomorphism
¢: V — gl(M) (thus the image ¢(V') consists of commuting linear maps of degree 2). We
say that M is a V-Lefschetz module if there exists v € V such that e, := e¢(v) has the
Lefschetz property. We denote by V; C V the subset of elements satisfying the Lefschetz
property. If ¢ is injective, and we can always assume so by replacing V' with ¢(V'), then V,
is Zariski open in V. Thus, if V; # () there exists a regular map §: V; — gl(M) such that
{e(v), h,f(v)} is a sly-triple.

Definition 5.1.4. Let M be a V-Lefschetz module. We define g(V, M) to be the Lie
subalgebra of gl(M) generated by e(V') and §f(Vz). We call g(V, M) the Néron-Severi Lie
algebra of the V-Lefschetz module M.

The following simple Lemma is needed in §5.3.2:

Lemma 5.1.5. Let M be a V -Lefschetz module. Then M @M is also a V -Lefschetz module
with respect to the diagonal action of V', and g(V, M) = g(V,M & M).

Proof. For any x € gl(M) let x @ x € gl(M @& M) denote the endomorphism defined by
(& 2) (1, ') = (x(p), x(p')) for all p, p/ € M.

An element e € gl(M) has the Lefschetz property on M if and only if e @ e has the
Lefschetz property on M @ M. Moreover if {e, h, f} is an sly-triple in gl(M), then clearly
{e®e,h@h,f® f}is an sly-triple in gl(M @ M). Therefore the algebra g(V, M & M) is
generated by the elements e(v) @ e(v), for v € V, and by f(v) @ f(v), for v € V. It follows
that the map = — x @ x induces an isomorphism g(V, M) = g(V, M @ M). O

5.1.1 Polarization of Lefschetz modules

Assume that M is evenly (resp. oddly) graded and let ¢ : M x M — R be a non-degenerate
symmetric (resp. antisymmetric) form such that ¢(M*, M!) = 0 unless k # —1.

We assume for simplicity V' C gl(M). We say that V preserves ¢ if every v € V leaves
¢ infinitesimally invariant, that is:

o(v(x),y) + ¢z, v(y)) =0 Va,y € M.

Since the Lie algebra aut(M, ¢) of endomorphisms preserving ¢ is semisimple, if V'
preserves ¢ then we can apply Lemma 5.1.3 to deduce that g(V, M) C aut(M, ¢).
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For any operator e : M — M of degree 2 preserving ¢ we define a form (—,—). on
M~F for k >0, by (m,m'). = ¢(e¥m,m’). One checks easily that (—, —). is symmetric.

We say that e is a polarization if the symmetric form (—, —), is definite on the primitive
part P7% = Ker(eF*1)|,,—«. If there exists a polarization e € V, then we call (M, $) a
polarized V-Lefschetz module.

Remark 5.1.6. Each polarization e has the Lefschetz property. The injectivity of €|«
follows easily from the non-degeneracy of (—, —). on P, From the non-degeneracy of ¢
we get dim M % = dim M* for any k > 0, hence €*|,,;-x is also surjective.

Proposition 5.1.7. Let (M, ¢) be a polarized V -Lefschetz module. Then the Lie algebra
g(V, M) is semisimple.

Proof. Since g(V, M) is generated by commutators, it is sufficient to prove it is reductive.
This will be done by proving that the natural representation on M is completely reducible.
Let N C M be a g(V, M)-submodule. It suffices to show that the restriction of ¢ to N is
non-degenerate, so that we can take the ¢-orthogonal as a complement of N.

Let e € V be a polarization and let f be such that {e, h, f} is a slo-triple. We can
decompose N into irreducible sls-modules with respect to this triple. We obtain N =
Do R[e]Pejfff where P X = Ker(e*!| y—x). This decomposition is ¢-orthogonal since, if
k > h, we have

(ke s p_p) = (—1)"G(p_g, e p_p) =0
for any p_j € P-% p_, € P-" and any integer a > 0.

We consider now a single summand R[e]PeT]]ff. Because the form (—, —). is definite on
P;]l\“] - Pg’“, it follows that ¢ is non-degenerate on P;]]f, + ekPe_,]]f,. Since e preserves ¢,
the restriction of ¢ to e“Pe_J]f, + ek*an]’f, is also non-degenerate for any 0 < a < k. We
conclude since the subspaces e“Pe_’]]f[ + ek*“Pe_’]]f, and ebP; ]’f, + ek*bPe_’]lf, are ¢-orthogonal
for a # b,k — b. O

Remark 5.1.8. The proof of Proposition 5.1.7 actually shows that the Lie algebra gener-
ated by V' and f(e), where e is a polarization, is semisimple. Therefore, by Lemma 5.1.3,
if e is any polarization in V', then V' and f(e) generate g(V, M).

Corollary 5.1.9. Let (M, ) be a polarized V -Lefschetz module. If N C M is a graded
V -submodule satisfying dim N =% = dim N* for any k > 0, then there exists a complement
N'C M such that M = N & N’ as a g(V, M)-module.

Proof. We first show that N is a g(V, M)-module. For v € V. consider the primitive
decomposition of M with respect to v:

M = PR|P;*
k>0
Let P, % = P;*N N and N=@® k>0 RV P, ¥ Then N is a graded vector space contained

in N with symmetric Betti numbers and such that v has the Lefschetz property on N. We
claim that N = N. N B

Assume by contradiction N # N and let —k be the minimal degree such that N—F
]y_k. Consider now z € N7F\ N=F We have o (z) € N because, by symmetry,
NE+2 = NF2_ Tt follows that there exists y € N~* such that v*+!(z) = v (y), hence
T—yE P*J]f,, thus x € N. It follows that

v,
N = P RpIP,f,
k>0
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Now it is clear from the description of the map f(v) given at the beginning of §5.1 that
f(v) preserves N, hence N is a g(V, M) module.

Now, as in the proof of Proposition 5.1.7 one can show that the restriction of ¢ to
N is non-degenerate, so the ¢-orthogonal subspace N’ is a g(V, M)-stable complement of
N. O

Remark 5.1.10. Let (M, ¢) be a polarized V-Lefschetz module. The complex vector space
Ve :=V ®gr C acts on M := M ®@g C. We can therefore define similarly gns(Ve, Mc) by
taking the complex Lie algebra generated by V¢ and f((Vc)z). Clearly we have

gns(V,. M) ®r C C gng(Ve, Me).

On the other hand gng(V, M) ® C is a semisimple complex Lie algebra, and since h and
(Vo) lie inside gng(V, M) ® C, by Lemma 5.1.3 we have:

gns(V, M) ®@r C = gns(Ve, Mc).

Remark 5.1.11. The definitions given above arise naturally in the setting of complex
projective (or compact Kéhler) manifolds. Let Y be a complex projective manifold of
complex dimension n and assume that Y is of Hodge-Tate type, i.e. if

H*(Y,C)= P H

p,q>0

is the Hodge decomposition of Y then H?? = 0 for p # ¢. In particular, the cohomology
of Y vanishes in odd degrees.

Let M = H*(Y,R)[n] be the cohomology of Y shifted by n and let ¢ be the rescaled
intersection form:

é(a, f) = (—1) "5 / anB,  VaeH™(Y,R), V8 e H"*(Y,R).
Y

Notice that ¢ is symmetric (resp. antisymmetric) if n is even (resp. n is odd).

Let p € H%(Y,R) be the first Chern class of an ample line bundle on Y. Then the Hard
Lefschetz theorem and the Hodge-Riemann bilinear relations imply that p is a polarization
of (M, ¢). It follows that (M, ¢) is a polarized Lefschetz module over H2(Y,R).

We can also replace H2(Y,R) by the Néron-Severi group NS(Y), i.e. the subspace of
H?(Y,R) generated by Chern classes of line bundles on Y. We define the Néron-Severi Lie
algebra of Y as gns(Y) = g(NS(Y), H*(Y,R)[n]).

In [LL97| Looijenga and Lunts consider complex manifolds with an arbitrary Hodge
structure. To deal with the general case one needs to modify the definition of polarization
given here in order to make it compatible with the general form of the Hodge-Riemann
bilinear relations.

However, all the Schubert varieties, the case in which we are mostly interested, are of
Hodge-Tate type, so for simplicity we can limit ourselves to this case.

5.1.2 Lefschetz modules and weight filtrations

Let V be a finite dimensional R-vector space and (M, ¢) a polarized V-Lefschetz module.
In this section we show how to each element v € V' we can associate a weight filtration and
to any such filtration we can associate a subalgebra of g(V, M). In many situations the
knowledge of these subalgebras turns out to be an important tool to study g(V, M).
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Lemma 5.1.12. Let e be a nilpotent operator acting on a finite dimensional vector space
M such that e # 0 and et = 0. Then there exists a unique non-increasing filtration W,
called the weight filtration.

{cw,Ccw,Cc...cW Wy =M
such that
o e(Wy) C Wiio for all k;

o forany 0 <k<I, e": Gr;[,k(M) — Gr¥, (M) is an isomorphism, where Gr¥, (M) =
Wk/Wk_;’_l.

Proof. See for example [CEGT14, Proposition A.2.2|. O]

Lemma 5.1.13. Let e € V (not necessarily a Lefschetz operator). Then there exists a
slo-triple {e,h', f'} contained in g(V, M) such that h' is of degree 0.

Proof. This is [LL97, Lemma 5.2|. O

Let {e, ', f'} be as is Lemma 5.1.13 and W, be the weight filtration of e. Since h’ is
semisimple and part of a sls-triple, we have a decomposition in eigenspaces

M = @(M’)" where (M')"={zxe M |K -z =nz}.
nez

We can define Wy, = D, (M")". It is easy to check that W, satisfies the defining condition
of the weight filtration of e. In particular, W, = W, and K/ splits the weight filtration of
e, ie. Wy = Wyy1 @ (M"F for all k.

Let A" = h — 1. Then (', h”) is a commuting pair of semisimple elements in g(V, M)
and it defines a bigrading

MPY={m e M |h' -m=pmand b -m = qgm}

on M such that M" = @, ,_, MP9. Furthermore h' and h” also act via the adjoint

representation on g(V, M) defining a bigrading g(V, M)P?. We have
z€g(V,MP ifand only if a(MP ) C MPH'9+d for all /. ¢ € Z.

For z € g(V, M) we denote by x4 its component in g(V, M )P4,
Let V' be a subspace of V containing e and such that, for any z € V', we have x(W}) C
Wio for all k. Consider the graded vector space

Gryy M = @ Cry M
keZ

where Gr%}v M sits in degree k. Then Gryy M is a V-Lefschetz module, so we can define
the Lie algebra g(V, Gry M).

Let o € V. Since z(Wy) C Wi, then 2((M')*) C @,,55,2(M’)". This implies that
€ g(V,M)Z%* ie. x =90+ 242+ 64+ .... In particular, if z,y € V, we have
[z,y] = 0 and so [20,Y2,0] = [z,y]s,0 = 0.

Let V20 C g(V, M) be the span of the degree (2,0) components of elements of V. The
subspace V20 is an abelian subalgebra of g(V, M). However, notice that in general V20 g
not a subspace of V. We denote by M’ the vector space M with the grading defined by
. Then M’ is a V20-Lefschetz module (in fact e = ez is a Lefschetz operator on M),
so we can define the algebra 9(172’0, M.
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Proposition 5.1.14. In the setling as above, there exists an isomorphism of Lie algebras
a(V,Grw M) = g(V*°, M"). In particular, g(V, M) contains a subalgebra isomorphic to
g(V, GI‘W M) .

Proof. Let m, : Wi, — (M')F be the projection. Then D7 : Grw M — M’ is an
isomorphism of graded vector spaces.

Moreover, the isomorphism €D, 7 is compatible with the map V — V20 given by
x — T2y, i.e. for any x € V and any k € Z the following diagram commutes:

Tk+2
Wipo/Wits —— (M) +2

x] 1@,0
Tk

Wi/ Wip1 ——— (M')*

Hence, it follows that g(V, Gryy M) = g(V20, M"). N
The last statement follows from Lemma 5.1.3, in fact both V20 and K are contained
in g(V, M), whence g(V*°, M) C g(V, M). O

5.2 The Carrell-Peterson criterion for rational smoothness

Assume b is a realization of Type I or II of a Coxeter group W. A remarkable property
of (singular) Soergel modules is that they posses a Hodge theory even when they do not
arise from a geometric setting. It follows from Theorem 4.2.3 that if B! € SBim! is
indecomposable (or more generally, perverse) we can define the Néron-Severi Lie algebra
of the singular Soergel module B! as gns((h%)?, BY).

Let now B! be indecomposable and (—, —) g1 be the intersection form on B!. For any
k>0 let

k(k—1)

¢(b,0) = (=1)" = (b,V)gr  forany f e (B ge (B) ™"
From Theorem 4.2.4 we see that B is polarized as a (h%)’-Lefschetz module with
respect to ¢, hence by Proposition 5.1.7 the Lie algebra gNS((h]E)I, BT) is semisimple.

In what follows we will only consider non-singular Soergel modules. For w € W we
define

ans(w) = g(bk, Buw)-
Assume first that W is finite. Recall from Theorem 3.4.12 and Remark 3.4.15 that the

modules B,, are indecomposable as R-modules. We can now easily apply Corollary 5.1.9
to the polarized hg-Lefschetz module B,

Corollary 5.2.1. Let W be a finite Coxeter group, Let N be a non-zero R-submodule of
By such that dim N=% = dim N* for any k € Z. Then N = B,,.

For a general Coxeter group W we have slightly weaker version of Corollary 5.2.1.
Recall the definition of the ring Z from (3.7).

Lemma 5.2.2. Let W be an arbitrary Cozeter group. Let N be a non-zero Z-submodule
of By, such that dim N=% = dim N* for any k € Z. Then N = B,,.
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®
Proof. Fix an embedding B, C BS(z) and let the intersection form (—, —)p, of By be the
restriction of the intersection form of BS(z). Because BS(x) is a commutative Z-algebra,
we have:

(z-0,0)5 =Tr((2-0) - V) =Tr(b- (2- ) = (b2 - V)5

Hence
(2 -b,b') = (=1)%p(b,z - V) where ¢ = %deg(z)@ deg(b) + deg(z) — 1). (5.1)

Because of Corollary 5.1.9 we can find an orthogonal N’ of N with respect to ¢. It
follows from (5.1) that also the complement N’ is a Z-submodule of B,,. O

If we W and s € S such that ws > w, then B,Bs = Bys @ EB (B,)®™= for some

z<ws
m; € Z>o. In particular, B, B; is a polarized hp-Lefschetz module.

Corollary 5.2.3. Let N be a Z-submodule of ByBs such that dim N=% = dim N* for any
k € Z. Then N is a direct summand of By Bs. In particular, if N is indecomposable and
N—Uws) L0, then N = Bs.

Recall from (3.5) that we have

grrk H,, = Z @) —tw), (5.2)

z<w
The following result is originally due to Carrell-Peterson [Car94]:
Corollary 5.2.4. For any w € W the following are equivalent:
i) Hy = By;
ii) T = Bu;
iii) #F{lv e W v <w and b(v) =k} = #{v e W | v < w and ¢(v) = L(w) — k} for any
kez;

iv) All the Kazhdan-Lusztig polynomials hy ., are trivial, i.e. hy ., (v) = ptw) =)
Proof. Since both H, and B, are graded free left right module i) and ii) are equivalent.
The cohomology submodule H,, is a Z-submodule of the indecomposable Z-module
B,, and
dimH," = #{v € W | v < w and 20(v) = (w) + k}.

If dimHiwIC = dimm_k for any 0 < k < ¢(w), from Corollary 5.2.1 we get that H,,
and B,, must coincide, thus iii) implies ii). Vice versa, ii) implies iii) because B,, satisfies
dimBiw_lC = dimBiwlC for any k € Z.

We have dim B,, = ., ., haow(1l). Since KL polynomials have positive coefficients,
because of (5.2) it follows that ii) is equivalent to iv). O

Remark 5.2.5. Let G be a simply-connected complex semisimple algebraic group, X its
flag variety and W its Weyl group. Recall the notation from §2.1.1.

The cohomology H®(X,R) of the flag variety is generated by the algebraic classes P,
thus in particular in the Hodge decomposition of X only terms of type (p,p) appear.
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We have seen that the map X*(T) ®z R — H?(X,R) is an isomorphism, so we have
NS(X) = H?*(X) = b} = R? (in fact (RY})%? =0).
Let w € W and let IH,, :== I H®*(X,,, R) be the intersection cohomology of the Schubert

variety X,, = B -wB <5 X. Assume that b is a realization of type II, so that we have
IH, = B, and H*(X,,R)[¢(w)] = H,. Therefore

gns(Xw) = 0(b™, T Hy) = g(w).

If one of the equivalent condition of Corollary 5.2.4 holds for w, then the intersection
cohomology sheaf IC(X,,R) is constant, that is IC(X,,,R) = R[/(w)]. In this case the

variety X, is said rationally smooth.

5.3 The Néron-Severi Lie algebra of Schubert varieties

In [LL97] Looijenga and Lunts determined the Néron-Severi Lie algebra gng(X) of a flag
variety X = G/B of every simple group G: it is the complete algebra of automorphisms
of the rescaled intersection form ¢, i.e. it is a symplectic (resp. orthogonal) algebra if the
complex dimension of X is odd (resp. even).

Here we want to extend their results and determine the Lie algebra gnys(w) := gns(Xuw)
for an arbitrary w € W. We restrict to the case of W finite Weyl group. We describe a
criterion on the element w for the Lie algebra gyg(w) to be “as large as possible”. This
criterion holds for the majority of the elements w.

5.3.1 Basic properties of the Schubert basis

Let { P, }yew be the Schubert basis of H*(X,R) introduced in Section 2.1.1. The R-module
structure of H*(X,R) can be described in the basis {P,},ew by the Chevalley formula
(3.6) (or [BGGT3, Theorem 3.14]). For any A € hj we have:

Py A=Y (NP, (5.3)
w%}v

where the notation w % v means {(v) =l(w) + 1, v=wtand t € T.

In particular, if s € S then P; € H?(X,R) = br can be identified with the fundamental
weight corresponding to as, i.e. we have 0y(Ps) = 05, for any s,t € S. The following
Lemma is an easy application of the Chevalley formula (5.3):

Lemma 5.3.1. In H*(X,R) we have, for any s,t € S:
JP2=— Y By(0n)Puss
ueS\{s}
ii) PPy = Py if dy(cvs) = 0;
iii) PsPy = Py + Pis if Oi(as) # 0 (or equivalently 0s(ay) # 0) and s # t.
Proof. We show i). If r € T is a reflection such that s % sr, then ((sr) = 2, thus £(r) =1

and sr > r or £(r) = 3 and sr < r. But if {(r) = 1 then 0,(Ps) = 0, so we can assume
l(r) =3. If £(r) = 3 and sr < r then r = sus with u € S [Spr82a, Proposition 1]. Now
Op(Ps) = —0y(Ps).

The proof of ii) and iii) is similar. O
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We state here for later reference a preliminary lemma:

Lemma 5.3.2. If the root system ® is irreducible (i.e. if the Dynkin diagram of G is
connected) then (RY)* 2 R and it is spanned by

(O‘S’ at)
(a87 as)(at7 at) ’

X = Z CstPsPt with Cst =
s,tesS

where (—, —) is the killing form on bg.

Proof. A W-invariant element in hy ® by corresponds to a W-equivariant morphism bhr —
br. Since hr and by are irreducible as W-modules, such a morphism is unique up to a
scalar. The Killing form (—,—) is W-invariant, hence n — (1, —) is the W-equivariant
isomorphism b, — br. The element in b ® by the corresponds to the map (Ps, —) +— P

1S
2 28t(as)
2X = Pi® g = P, ® P;.
; T (as ) ;ws,as) Y

Notice that for any s,t € S we have
at(as) _ (a57 at) _ aS(at)

(04870‘8) (a&as)(at?at) (O‘hat)7

hence X € SymZ(hﬁ%)W C (hg® hﬂ‘g)w- -

Remark 5.3.3. The element X is basically (up to a scalar) just the Killing form written
in the basis {PsP;}scs of Sym?(h%). Assume now we have a proper decomposition b =
b7 @ b3. This induces a decomposition

Sym* () = Sym®(h7) @ (b] ® b3) @ Sym? (h3).

Since the Killing form is non-degenerate on hp we deduce that & is not contained in
Sym?(h}), otherwise the restriction of X to (h¥)* would be 0.

For a simple reflection v € S let P, := Py, be the minimal parabolic subgroup of
G containing uw. For any element w € W such that wu < w we can choose a reduced
expression w = st...u. The projection 7 : G/B — G/P, is a P!-fibration which restricts
to a P!-fibration on X, since BwB - P, = BwB. The image m(X,,) = X% is the parabolic
Schubert variety of the element w in G/P,. Let IH! := IH*(X},R). Then IH" is a
polarized Lefschetz module over (hj)* = NS(G/P,), so we can define the Lie algebra

ons(Xiy) == o((bg)", [Hy).

5.3.2 A distinguished subalgebra of gygs(w)

Let id # w € W and u be a simple reflection such that wu < w. Let 7 : G/B — G /P, be
the projection as above. We denote by IC,, := IC(Xy,R) (resp. ICy := IC(X},R)) the
intersection cohomology sheaf of the variety X, (resp. X*). Then Rm.(ICy,) = ICL[1] &
ICY%[—1] (not canonically) by the Decomposition Theorem (the use of the Decomposition
Theorem here can be avoided using an argument of Soergel [Soe00, Lemma 3.3.2]). In
particular, as graded vector spaces, we have I H,, = IH! @ H*(P*(C),R)[1].

Lemma 5.3.4. Let u € S be such that wu < w. Then the Lie algebra gns(w) contains a
Lie subalgebra isomorphic to gns(Xy).
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Proof. Let n € H?>(X") be the Chern class of an ample line bundle on X%. We can apply
Lemma 5.1.13 to find a slo-triple {7*n, h’, f'} inside gys(w) such that A’ is of degree 0,
i.e. W(IHE) C IHE for all k.

Any choice of a decomposition Rm.(IC,) = ICY[1] @ IC}[—1] induces a splitting
IH, = IH}[1] ® IH![—-1] of R*-modules. One can easily check that weight filtration of
the nilpotent element 7*n is Wy = (TH4[1])* 1 &, ~, [H?. Therefore for any x € (h%)*
we have z(W}) C Wio. -

We can now apply Proposition 5.1.14, with V = (bg)", in order to obtain

a((h2)", Grw (IHy)) = g(((h3)*)*°, 1H,,),

where I H,, denotes the vector space I H,, with the grading determined by h’. In particular,
g((bg)", Grw (I Hy)) is a subalgebra of gng(w).

It is easy to see that Gry (IH,) = IH} @ IH} as graded vector spaces, and the
isomorphism is compatible with the action of R*. We conclude using Lemma 5.1.5 that
a((bp)", Grw (I Hw)) = gns(X5).- O

Example 5.3.5. Let G = SLy(C) so that W = S, is the symmetric group on 4 elements,
with simple reflections labeled s1, s9, s3. Let w = s2518389 and u = so. Let 17 be an ample
Chern class on XJ. Then we can draw the action of 7*n on a basis of IH,, and the weight
filtration W, as follows

deg

We fix n and A’ as in Lemma 5.3.4 and let " = h — h/. Then, as in Section 5.1.2, I’/
and h” define a bigrading on I H,, and on gyg(w).

Notice that the only eigenvalues of h” on IH,, are 1 and —1. It follows that gyg(w)
decomposes as gns(w) = gys(w)* 2@ gys(w)*? @ gns(w)®2. In particular, any element
p of by can be decomposed as p = py 2 + p20 + po,2. Moreover, for 17 € (hg)* we have
N(Wi) € Wiao, hence 7] € gng(w)=2* and 77 = 7j4,—2 + 72,0.

We can now restate and reprove [LL97, Proposition 5.6] in our setting:

Theorem 5.3.6. If wu < w the Néron-Severi Lie algebra gns(w) contains a Lie subalgebra
isomorphic to gns(X) X sly.

Proof. Let p be the Chern class of an ample line bundle on X,,. Then by the Relative Hard
Lefschetz Theorem [BBD82, Theorem 5.4.10| cupping with p induces an isomorphism of
R“-modules:

THY[1] 2PH YR, IC,,) > PHY(Rm, IC,,) = THY[-1].
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This means that the (0, 2)-component pg2 € gys(w)®? of p (thus we have [h/, pg 2] = 0
and [h”, po2] = 2po 2) has the Lefschetz property with respect to the grading given by h”.
In particular, because of Lemma 5.1.3, we can complete it to an sly-triple {po 2, h”, f,} C
gns(w). The span of {po2,h”, )/} is a subalgebra of gnxg(w)™®. In fact, since both po 2
and h" commute with ' so does f (see Remark 5.1.2).

Recall from Lemma 5.3.4 that the algebra gng(XY) is isomorphic to g(((hg)*)*°, IH},),
which in turn is a subalgebra of gyg(w). It remains to show that the two subalgebras
a(((b3)“)*°, 1H],) and span{pg 2, h”, fy} = sl(R) intersect trivially and mutually com-
mute.

Since p commutes with 7 for any 1 € (hg)*, then also ppo commutes with 729: in
fact since p = pa,—2 + p2,0 + po2 and 7 = N4, + 72,0, we have [pg2,72,0] = [p,7]2,2 = 0.
Because ((h%)*)?? and b/ commute with pg 2, so does g(((h%)*)*°, TH,). Because py 2 and
" commute with g(((hi)*)*%, IH,,), so does f//. We obtain a morphism of Lie algebras

I ans(Xy) x shh(R) = g(((h)")*°, TH},) x span{poz, h”, fi} = gns(w)

given by the multiplication. The kernel of J is gng(Xy) Nsla(R) and it is contained in the
center of slp(R), which is trivial. The thesis now follows. O

5.3.3 Irreducibility of the subalgebra and consequences

The goal of the first part of this section is to show the following:
Proposition 5.3.7. TH} is irreducible as a gns(Xy)-module.
We begin with a preparatory lemma:

Lemma 5.3.8. The cohomology H*(G /P, R) is generated as an algebra by the first Chern
classes, i.e. by H?(G/P,,R).

Proof. We can identify H*(G/P,,R) with R*/(RY). The subalgebra R" is generated by
Py, with s € S\ {u}, and a2. It is enough to show that Sym?((h%)") — H*(G/P,,R) is
surjective, because all the generators of H*(G/P,,R) lie in degrees < 4.

The set {Ps} e\ fu) forms a basis of H*(G/P,,R) = NS(G/P,) = (bg)". We have

dim(RY)" = dim Sym?((h3)") + 1.
Recall from Lemma 5.3.2 that (RY)* = RX, hence
dim F(G/P,, R) = dim(RY)"/(RX) = dim Sym?((h3)").
So it suffices to show that Sym?((h3)*) — H*(G /Py, R) is injective, or in other words that
Ker(Sym*((h})") = H*(G/Py,R)) = RX N Sym?((h)") = 0

But since the Killing form is non-degenerate and (hj)" is a proper subspace of b, we
have X' ¢ Sym?((h%)") (as explained in Remark 5.3.3). O

Proof of Proposition 5.3.7. Since gng(Xy) is semisimple, it is enough to show that IH}
is an indecomposable gy g(X})-module. In particular, it is enough to show that it is inde-
composable as a (hj)"-module (here regarded as an abelian Lie subalgebra of gns(X,)).

The Erweiterungssatz (in the version proved by Ginzburg [Gin91|) states that taking
the hypercohomology (as a module over the cohomology of the partial flag variety) is a
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fully faithful functor on IC complexes of Schubert varieties. In particular, for any w € W,
we have:

EndH‘(G/Pu,R)—Mod(IHZLL;) = EndDb(G/Pu)(IC(Xﬁn R))

This implies, since IC(X%,R) is a simple perverse sheaf on G/P,,, that TH" is an inde-
composable H*(G/P,,R)-module. Now Lemma 5.3.8 completes the proof. O

Remark 5.3.9. Proposition 5.3.7 is not true for a general parabolic flag variety. Let
G = SL4(C) so that W = Sy is the symmetric group on 4 elements, with simple reflections
labeled s,¢,u. Then SL4(C)/Py,,,) is isomorphic to Gr(2,4), the Grassmannian of 2-
dimensional subspaces in C*. Since dim H?(Gr(2,4),R) = 1 we have gns(Gr(2,4)) =
sl3(R), but dim H*(Gr(2,4),R) = 2 so it cannot be irreducible as a gns(Gr(2,4))-module.
In fact, H*(Gr(2,4),R) is not generated by H?(Gr(2,4),R).

Proposition 5.3.10. If g(]CVS(w) = gns(w) ® C is a simple complex Lie algebra, then we
have gns(w) = aut(IH,, ¢).

In particular, this implies that the complexification g(]CVS(w) is isomorphic to sp,(C) if
¢(w) is odd, and is isomorphic to s04(C) if £(w) is even, with d = dim I H,,.

Proof. Proposition 5.3.7 shows that the Lie algebra gys(Xy) X sla(R) acts irreducibly on
ITH, = TH! ®r H*(P'(C),R)[1].

This obviously remains true when one considers, after complexification, the action of
955(XY4) x sl(C) on TH*(X,,C).

In [Dyn52, Theorem 2.3|, Dynkin classified all the pairs g C g’ (C gl(V)) of complex
Lie algebras such that g acts irreducibly on a finite dimensional complex vector space V'
and g’ is simple. From this classification we see that if g = g x sl2(C) and sly(C) acts with
highest weight 1 then g’ is one of sly, son and spy.

We apply now this result to the pair g§g(X%) x sly(C) C g§g(w). Clearly we can-
not have g5 g(w) = sl(IH*(X,,C)) since gns(w) C aut(IH®*(Xy,C),4). This implies
05 ¢(w) = aut(IH*(Xy, C), ¢), hence gns(w) = aut(I Hy, ¢). O

Remark 5.3.11. We now discuss which real forms of the symplectic and orthogonal groups
occur as aut(I Hy, ¢). If £(w) is odd there is, up to isomorphism, only one symplectic form
on I Hy, hence aut({Hy, ¢) = 5Ppgim(rm,,)(R)-

If ¢(w) is even we can determine the signature of the symmetric form ¢ on I'H,. If
k > 0 then ¢ is a non-degenerate pairing between IHF and TH_*, hence the signature
of Qﬁ’IHE)@IH;k is (dim THE, dim THE). The signature of ¢ on TH? is determined by the

Hodge-Riemann bilinear relations: the dimension of the positive part of ¢|; HY s given by

Li(w)/4] o Liw)/4] ‘ .
dim P~ N7 (i TH Y — dim TH42)
i=0 i=0

5.4 Tensor decomposition of intersection cohomology

We now want to understand for which w € W the Lie algebra g%s(w) is not simple. The
complex Lie algebra g5 4(w) acts naturally on TH®*(X,,C). Recall from Remark 5.1.10
that

afvs(w) = g(b*, TH* (X, C)).
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To simplify the notation from now on we will use I H,, to denote IH*(X,,,C) and H,,
to denote H®(X,,C)!. They are both modules over R = Symc(h*).

For any w € W we have H,[¢(w)] C IH, (see Remark 3.2.1). In particular, H2 acts
faithfully on I H,, and we can regard H2 as a subspace of gyg(w). We recall the following
lemma from [LL97, Lemma 1.2]:

Lemma 5.4.1. Assume there exists a non-trivial decomposition g%s(w) = g1 X go and
consider m; : g(}cvs(w) — g; the projections. Then the decomposition is graded and it also
induces a decomposition into graded vector spaces 1H,, = IH{U’0 Rc IHS;' where IH:U’0
(resp. THY®) is an irreducible 7 (H2)-Lefschetz module (resp. mo(H2)-Lefschetz module)
with g1 = g(my (H2), THY") and gy = g(mo(H2), IHY®).

For the rest of this chapter we assume that we have a splitting of Lie algebras g% g(w) =
g1 x g2 and we denote by 7 : g5g(w) — g1 and m : g5 g(w) — g2 the projections. Let
IH, = IHZ}O Rc IHB," be the induced decomposition.

There exist integers a,b > 0 such that [ HYY (resp. I HS,") are not trivial only in
degrees between —a and a (resp. between —b and b) with a,b > 0 and a + b = {(w).
Moreover both IH,, @0 and T Hg’_b are one-dimensional. We define a bigrading on I H,, by
IHy = IH @ THy .

5.4.1 Splitting of H?

We can assume from now on H2 = H?(G/B,C). In fact, we can replace G by its Levi
subgroup corresponding to the smallest parabolic subgroup of G containing w. This does
not change the Schubert variety X, the cohomology H,, and the Lie algebra gyg(w). In
particular, we have R = Sym(H?2).

In general Hy,[¢(w)] # IH,, so it is not clear a priori that a tensor decomposition for
1H,, descends to one for H,,. Still, this holds in our setting:

Proposition 5.4.2. Assume we have a decomposition g5g(w) = g1 x g2. Then H2 =
T (Hz) ® ma(H2).

Proof. Tt is enough to show that dim H2 > dim 7 (H2) + dim o (H2). We define
T := Sym(m (Hy,)) ® Sym(ma(Hy,)) = Sym(my (Hy) @ ma(Hy))-

We can define a T-module structure on I H,, via (z®y)(a) = x(a)®y(a) for any z € 71 (H2),
y € mo(H2) and a € TH,,.

We have a bigrading 779 := Sym? (71 (H2)) ® Sym?(m2(H2)) on T compatible with the
bigrading of [H,,, i.e. TP4(IHy') C THETHI,

The subspace T?0 = 71 (H2) C g1 acts faithfully on IH;;O, while 702 = 75(H2) C go
acts faithfully on THy®. Hence T2 C g, ® go C gl(IHY") @ gl(IHW"®) = gl(IH,) acts
faithfully on IH,,, i.e. if t € T?? acts as 0 on IH,,, then t = 0.

Let ¥ : R < T the inclusion induced by ¥(z) = m1(z) + ma(z) for any = € h*. We
observe that the T-module structure on I H,, extends the R-module structure via V.

We can decompose Ps; = Lg + Rs where Ly = m1(Ps) € g1 and Rs = ma(Ps) € go for all
s € S. Now we consider the element X € (R*)" defined in Lemma 5.3.2. The R-module
structure on IH,, factorizes through H*(X,C) = R/(RY), therefore ¥(X) € T acts as 0
on ITH,. In particular, also the component ¥(X)*? € T?2 acts as 0 on IH,. Since the

'The notation here may lead to some confusion: the cohomology H., is a graded algebra and it is non
zero only in non-negative degrees. If H, = R ®r H, we have H,, = Hy[—4(w)].
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action is faithful on 722 we obtain ¥(X)?2 = YostesCst(Ls ® Ry + Ly ® Rg) = 0 € T22.
Since cg is symmetric we can rewrite it as follows:

Z L ®cqyRy =0¢€ 7T1(H3}) & 7T2<H3)) C g1 ®ga.
s,teS

Let S, € S be such that {Ls}ses, is a basis of m1(H2). We can write L, =
ZsesL Tsuls with x4, € R for any u € S\ Sr. We get

Z Ls® | cst + Z TsuCut | By =0 = Z Cst + Z TsuCut | B =0

seSL UES\SL teS ’LLES\SL

tesS
for any s € Sp. Since (cst)stes is a non-degenerate matrix, it follows that we have
#(S1) linearly independent equations vanishing on (Rs)ses, hence dim mo(H2) < dim H2 —
#(Sp) = dim H2 — dim 71 (H2). O

In the setting of the previous Proposition, it also follows that ¥ : R — T is an iso-
morphism, so we have a bigrading on R compatible with the bigrading on I H,,. Hence
H,[¢(w)] is also bigraded as a subspace of I H,,, since it is the image of the map of bigraded
vector spaces map R[{(w)] — I H,, defined by z + z-1%, where 1% is any non-zero element
. . . —4(w)
in the one dimensional space I H,, * .

So we can write

HS® = H @ HY®.

We call this a tensor decomposition of H,,. It is non trivial if both H;U’O and HSJ" are not
one dimensional. Note that also the kernel of R[¢(w)] — I H,, is bigraded.

Corollary 5.4.3. If g%s(w) 1s not simple, i.e. it admits a non trivial decomposition
gns(w) = g1 X g2, then Hy, admits a non-trivial decomposition Hy® = HY' ® HY® as
graded algebra.

Conversely, if Hy, does not admit any non-trivial tensor decomposition then gys(w)

aut(IHy, ¢).

12

Proof. The last statement follows from Proposition 5.3.10. O

In the next sections we provide a sufficient condition for the Lie algebra gng(w) to be
maximal. However, there is a case where the proof is considerably easier and we provide
it here for convenience and to motivate the reader.

Recall that for any w € W, the set { Py }st<w is a basis of H2. In particular, if st < w
for any s,t € S, we have Hi = H*(G/B,C). In this case from Lemma 5.3.2 we have also
Ker(R* — HY) = (R)* = RX.

Corollary 5.4.4. Assume that the root system of G is irreducible and suppose that when-
ever s;,s; < w then s;s; < w. Then gns(w) = aut(I Hy, ¢).

Proof. We assume for contradiction that we have a non-trivial tensor decomposition of
Hy, so H2 splits as Hy' @ Hy? @ HY'. This implies that also K := Ker(R* — H2) splits
as K = K% @ K22 ¢ K% where K% = Ker(R' — H%’). But K is one dimensional and
generated by X, thus X belongs to either R*%, R%2 or R%*, which is impossible since X
is non-degenerate (see Remark 5.3.3).

Now we apply Corollary 5.4.3 to deduce that gyg(w) = aut(1Hy, ¢). O]
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5.4.2 A directed graph associated to an element

For w € W we construct an oriented graph Z,, as follows: the vertices are indexed by the
set of simple reflections S and we put an arrow s — ¢ if ts < w and ts # st (i.e. if ts < w
and s and t are connected in the Dynkin diagram).

Recall that we assumed, by shrinking to a Levi subgroup, that s < w for any s € S. It
follows that for any pair s, € S we have either st < w, ts < w or both. Hence the graph
Ty is just the Dynkin diagram where each edge s — t is replaced by the arrow s < ¢, by
the arrow s — ¢, or by both s 2 ¢. In particular, if the Dynkin diagram is connected, then
also Z,, is connected. In this case we say that w is connected.

Remark 5.4.5. Since the Dynkin diagram has no loops, then also Z,, has no non-oriented
loops (we only consider loops in which for any pair s,¢ € S at most one of the arrows s — ¢
and t — s occurs).

Definition 5.4.6. We call a subset C' C S closed if any arrow in Z,, starting in C ends in
C. Union and intersection of closed subsets are still closed. We call a closed singleton in

S a sink.

Example 5.4.7. Let W be the Coxeter group of D5. We label the simple reflections as

follows:
S4

§1 — S2 — 83

S5

Consider the element w = s15255583545251. Then the graph Z,, associated to w is:

—

Here the coloured lines describe all the non-empty closed subsets of Z,,.

As we show in Lemma 5.4.9, the graph Z,, determines H? as a quotient of Sym? (H2),
and we can make use of it to provide obstructions for the algebra gyg(w) to admit a
non-trivial decomposition, that is to find sufficient conditions for the algebra gys(w) to
be simple. Namely, we prove in Theorem 5.4.15 that, if Z,, is connected and has no sinks,
then gyg(w) is maximal.

5.4.3 Reduction to the connected case

If w is not connected, we can write w = wjwe, with ¢(w) = £(w1) + ¢(w2) such that
5182 = s981 for any s; < wy, so < wa.

Proposition 5.4.8. If w = wiwy as above, then we have decompositions I H,, = I H,, ®c
IH,, and gns(w) = gns(wr) X gys(w2).

Proof. In this case X, & Xy, X Xu,, so [H, = [Hy,, ® [Hy,,. Moreover H2 = Hil <
HE)Q where H,,, acts on the factor IH,, while H,, acts on [H,,. Since the Lie algebra
gns(wi) X gys(ws) is semisimple and both h and H2 are contained in gys(w1) X gys(w2),

from Lemma 5.1.3 we have gyg(w) = gns(w1) X gns(w2). O
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5.4.4 The connected case

In view of Proposition 5.4.8 we can restrict ourselves to the case of a connected w.

Lemma 5.4.9. Letw be connected and let K = Ker(Sym?(H2) — HZ2). Then the elements
Xo = Zs,teC cst Ps Py, with C closed, generate K.

Proof. We know that dim K = #{(s,t) € S? | st £ w} + 1 because Sym?(H2) — H2 is
surjective. Since w is connected, if st £ w then s and t are connected by an edge in the
Dynkin diagram and ts < w.

Let (a,b) be any pair of elements of S such that ba < w and ab £ w, i.e. such that
in Z,, there is an arrow a — b but not an arrow b — a. We can define a proper closed
subset C,p by taking the connected component of b in Z,, after erasing the arrow a — b.
Since there are no loops in Z,, we have a &€ Cg,. It is easy to see that X, together with
X = Xg are linearly independent in Sym? (H2): in fact when we write them in the basis
{PsP;}stes we have X¢,, € cbbe2 + Rap, where

Rap = Span<PsPt ’ (S>t) 7& (aa a)v (b7 b)>7

while all the other X¢ , , are either in Ry or in CaaP? + cbbe2 + Rap. Therefore when we
quotient to Sym?(H2)/Rap, the term X, is the only one which is not proportional to the
image of caan + cbbeQ.

By the formula for the dimension of K given above, it remains to show that all the
Xg, for C closed, lie in K. Let 7 denote the projection of an element y € Sym?(H2) to
H*(G/B,C). Let C be a closed subset and let

E = {a(i) 5 b(i) | a(i) & C and b(i) € C}

be the set of arrows starting outside C' and ending in C. Applying Lemma 5.3.1, on one
hand we obtain:

Xo =Y cuPsP; € span(Py | s,t € C) @ span(Pygy) | i € E) € HY(G/B,C). (5.4)
s,teC
On the other hand we have

X—Xo= Y caPPi+ Y 2eq(in(i)Pagi) Poiy € Sym*(Hp).
s tgC icE

Since X = 0 in H*(G/B, C), projecting from R* to H*(G/B,C) we obtain
TC S span(PSt | s, t ¢ C> @ Span(Pa(i)b(i) | 1€ E> @ span(Pb(i)a(i) ‘ 1€ E> (5.5)

Then (5.4) together with (5.5) implies that the projection X¢ of X¢ to H4(G /B, C) lies
in span(P, ) | © € E). But, for any i € E, P,;);) projects to 0 in HZ since a(i)b(i) £ w,
whence X¢o € K. O

For a closed C let NS(C) := span(Ps | s € C) C H2. The proof of Proposition 5.4.2
applies also to NS(C) if we replace X by Xo = > stec CstPs Pr. This means that whenever

we have a decomposition g%s(w) = g1 X g2, then NS(C) splits compatibly.

Remark 5.4.10. The element Xc € Sym?(h*) should be thought as the restriction of the
Killing form on span(a | s € C). This is non denegerate, so it means that Xc & Sym?(V)
for any proper subspace V' C span(a; | s € C) (cf. Remark 5.3.3).
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Lemma 5.4.11. Let K¢ := K N Sym?(NS(C)). Then K¢ is generated by Xp, with D
closed and D C C.

Proof. Assume that >, a;Xp, € K NSym?(NS(C)) with D; closed and a; € C. Then it is
easy to see that >, a;Xp, = >, a;Xp,nc € Sym?(NS(C)). O

For any s € S, let Ly = m1(Ps) € g1 and Ry = ma(Ps) € go.

Lemma 5.4.12. Let C be a connected and closed subset of S. Assume that there exists
a non-empty closed subset D C C' such that NS(D) = m(NS(C)). Then if D does not
contain any sink we have D = C.

Proof. Let U = C'\ D and E := {a(i) = b(i) | a(i) € U and b(i) € D} be the set
of arrows starting in U and ending in D. The set {Ps}sep = {Ls}sep is a basis of
NS(D) =m(NS(C)), therefore the set { Ry, }uer is a basis of ma(N.S(C)). We assume for
contradiction that U # (). By writing the (2, 2)-component of Xo — Xp we obtain

Z <chuLs> ®Ru:0€gl®92

uelU \seC

from which we get > sec Csulis = 0 for any u € U. Let U be a connected component of U
and let N ' B
E ={a(i) 5 b(i) | a(i) € U and b(i) € D} C E.

Since C is connected we have F # (). Since U is connected and there are no loops in the
Dynkin diagram, we have b(i) # b(j) for any i # j € E, and moreover there are no arrows
between b(i) and b(j). Then for any u € U we have

0= Z csuls = Z csuls + Z Cb(i)uLb(i)' (5'6)
seC seU i€E

Since the set { Ly(;) }, ; 1s linearly independent, this can be thought as a non-degenerate

system of linear equations in Ly, with s € U and it has a unique solution
L= Zy(s,i)Lb(i) = Zy(s, i) Py with y(s,i) € R.
icE icE
Substituting Ls in (5.6) we get

0 if ; _ _
3 (s i)es = { furald), o alueTandicE  (57)

= —Ca(iyp(s) if u = a(i),

Claim 5.4.13. We have y(s,i) > 0 for any s € U and any i € E.

Proof of the claim. Let (—,—) be the Killing form on h*. From Equation (5.7) it is easy
to see that

Z (Z(S,Oj))as,au = _5a(i),uca(i)b(i) (au,au) Yu € ﬁ,Vl S E
s 0 °
Hence > _5 (gESZZ)O‘S is (up to a positive scalar) equal to the fundamental weight of a(7)

in the root system generated by the simple roots in U. Now the claim follows from the fact
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that in any irreducible root system all the dominant weights have only positive coefficients
when expressed in the basis of simple roots.

In fact, let 0 # A = 3" 5 Asas and assume (A, as) > 0 for all s € U. If A\, < 0 for
some s, then (Ag,a5) < 0. Thus Ay > 0 for all s. Assume now Ay = 0 for some s. Then
(A, as) > 0 only if Ay = 0 for all ¢ € S neighboring s in the Dynkin diagram. Since U is
connected we obtain Ag; = 0 for all s, hence A = 0 which is a contradiction. O

For any s € U we have Ry = P, — > ici Y(8,9) Pyiy € g2. Now consider the element

R™3 > cuRsRi= Y co | Ps= > uy(s,)Pysy | [ P =Dt )Py | =

stel stel i€cE i€cE

= Y caPs P | =2) | Y wisi)ea P | Puoy+ > | D0 (s, D)yt d)est | PoyPog)

s,tel i€E \stelU i,jEE \steU

= | D PP | +2 catinioyPay Pociy — Y w(ald)si)eagni Pociy Pog) =

stelU icE ijEE
= XDUZ? - XD + @, where © := — Z y(a(j),i)ca(j)b(j)Pb(i)Pb(j).
i,jEE

. 4 4 . . . . . .
Let p: R* — H,, denote the projection. The previous equation implies that

Z cstRsRy | = p(@)
s,teﬁ
But p(>_, ,cpcstRsRt) € HY* while p(©) € Hy?, because b(i) € D and Py € 120 for

any i € E. It follows that p(©) € Hy" N HY* = {0}.
We can write © = O + ©5 with

O1 =Y y(a(h), eapnPoyPoyy  and 2= y(a (i) Py
1];15 i€E
i#£]

Since there are no edges between b(i) and b(j), we have that p(Py;) Pyj)) = Py for
any i,j € E such that i # j. Thus, by Lemma 5.3.1, we have

p(©1) = > y(a(h), 1)cagip) Poiypis)
i,jEE

i#j

(i), 28,(j))
=23 ylali ey | X (ag g P, (5)v()

B JEE; g, (i) @Bi(j))

where E; = {b(i) % B;(j)} is the set of arrows in Z,, starting in b(7). It is easy to see that
all the terms in p(©;) and p(O2) are linearly independent, whence p(©1) + p(©2) = 0 if
and only if all their terms vanish. Recall that y(a(i),i)ca@p@) < 0 for all i € E. Hence
p(©1) + p(©3) = 0 forces E; = () for any i € E. But this is a contradiction because there
are no sinks in D, whence U = () and C' = D. O
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Lemma 5.4.14. Let C be a closed and connected subset of S. Assume that there are no
sinks in C. Then NS(C) C g1 or NS(C) C gs.

Proof. We work by induction on the number of vertices in C'. There is nothing to prove if
C=0.

Let D C C be a maximal proper closed subset. The kernel K¢ := K N Sym?(NS(C))
is generated by Xo and Xp/ with D’ C D. In fact, if D C C'is a proper closed subset and
D Z D, then by maximality DUD = C and Xy = Xo — Xp + Xpp- In particular, we
have dim K¢ = dim Kp + 1.

By induction on the number of vertices we can subdivide D into two subsets Dy and
Dp, each consisting of the union of connected components of D, such that NS(Dr) C g1
and NS(Dg) C go. N

Since N S(C) splits, then K¢ also splits as Ké’o EBK%’Q ® Kgfl where K/ = Kc N R™.
However, Kg’Q C K?? = 0 since R*% ® R%? is mapped isomorphically to HZ? Using
dim Ko = dim Kp + 1 we get Ké’o = Kéo or Kg’4 = K%A. Without loss of generality we
can assume Ké’o = Ké’o = Kp,.

This implies that Xo € K& @ Kg' = Kp, ® Kg*. Tt follows that

Xg € Sym? (NS(Dp) @ ma(NS(C))) .

Since X¢ is non-degenerate on NS(C'), we get NS(Dp) = m(NS(C)). Now we can apply
Lemma 5.4.12: if Dy, # @, then Dy, = C, otherwise m1(NS(C)) =0 and NS(C) Cgo. O

Theorem 5.4.15. For w € W, if the graph Z,, is connected and without sinks, then
ons(w) = aut(IHy, ¢).

Proof. Applying Lemma 5.4.14 to C' = S we see that any decomposition of g%s(w) must
be trivial, hence by Proposition 5.3.10 we get gys(w) = aut(IHy,, ¢). O

Example 5.4.16. It is in general false that gys(w) is simple for any connected w.
Let W be the Weyl group of type As (i.e. W = Sy) where S = {s,t,u}. We consider
the element usts € W whose graph 7,4 is

/\
s Z2t——u

o~

The closed subsets in Z,qs are S, {u} and (). Then gys(usts) = gys(u) X gns(sts)
spy(R) x spg(R) =2 sl2(R) x spg(R). The splitting induced on HZ is

2 1
H?2 =m(H2)®m(H2)=CP, @ <<C(Pt — gPu) + C(P, — 3Pu)> }

As we explain in the next section, we have a similar behavior more generally: for any
w € Spt1, with S = {s1,...,8,}, such that w = s;w’ where w’ is the longest element in
Wi,,...sn} the Lie algebra gys(w) is isomorphic to slz(R) x gns(w’).

Example 5.4.17. The following example demonstrates that having no sinks in Z,, is not
a necessary condition for the algebra gyg(w) to be simple.
Let W be the Weyl group of type Bj, where we label the simple reflections as follows:

S——t—u

Then for w; = usts we get again gnys(w1) = gys(u) X gns(sts) = sla(R) x spg(R), but for
wy = stut the Lie algebra gyg(ws) is simple (hence it is isomorphic to sog6(R)). Notice
that the graphs Z,,, and Z,,, are isomorphic.
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Remark 5.4.18. We have chosen to restrict ourselves to the case of finite Weyl groups in
order to be able to state the results using only “classical” Schubert calculus. However, the
results given in this section work in the same way for any irreducible finite Coxeter groups
using a realization of Type I, i.e. the geometric representation. Note that this includes the
groups H3 and Hy. We briefly explain how.

We replace everywhere the intersection cohomology of Schubert variety [H, by the
indecomposable Soergel modules B,, and the Killing form by the positive definite symmetric
form B defined in [Hum?78, §5.2]. Assume w is a simple reflection such that wu < u. Because
of Chapter 4 we can define the Néron-Severi Lie algebra gys(BY,) of the singular Soergel
module BY,. This Lie algebra is semisimple and its action on BY,, is irreducible.

We need an argument to replace the recourse to the relative hard Lefschetz in the proof
of Theorem 5.3.6. We have

By ©re R[1] = By,

therefore any decomposition R = R" & R%[—2] as R“-modules induces a decomposition
By = By, [1] @ Byy[—1]

of (R, R") bimodules. We choose this decomposition as in the proof of [EW14, Theorem
6.19] (cf. Theorem 4.5.4). With respect to this decomposition multiplication by p induces

the map

which is clearly an isomorphism if p is ample.

The rest of arguments go through using the Schubert basis from Chapter 3. We obtain
thus the same criterion: if w is connected and there are not sinks in the graph Z,, then
gns(w) is maximal, i.e. it coincides with aut(B,, ¢).

For infinite Coxeter groups W our methods do not apply directly. In fact, in general a
reflection faithful representation of W is not irreducible, thus Lemma 5.3.2 does not hold
and the kernel of the map R — B,, seems harder to compute.

5.5 The complete classification in type A

Theorem 5.4.15 gives a sufficient condition for an element w to have a maximal Néron-
Severi Lie algebra gyg(w). In the following, we specialize to groups of type A,. In this
case we can go further and explicitly compute the Néron-Severi Lie algebras gyg(w) of any
element w.

We assume that W = S, 41 is the symmetric group on n + l-elements. Let S =
{s1,82,...,8p}. We write P; for P,,, and similarly L; and R;. We assume that w € W is
not contained in any proper parabolic subgroup Wy C W, so that we can also label the
vertices of Z,, by {1,2,...n}.

We indicate by [a, b] the interval {a,a + 1,...,b}. We rescale the Killing form so that
(o, ) = 1 for any root «, so that we get:

na) 1 ifi=j
Gy e
= fanadagay) |2 Hlimal=1
7y “t YRR . . .
0 ifli—j]>2

therefore

n n—1
X=>P'-) PP
1

i=1 1=
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Since we are going to apply several times Claim 5.4.13, it is useful to recall that in a root
system of type A,, the fundamental weight corresponding to the first simple root is

1
Con+1

w1 (nar+(n—1Nag+ ...+ ap).

Recall from Corollary 5.4.3 that it is sufficient to show that H,, does not admit any
non-trivial tensor decomposition to show gyg(w) = aut(IHy, ¢). So we assume that we
have a non-trivial decomposition:

HS = H ® HO*.

In view of Theorem 5.4.15 we can assume that Z,, has at least one sink. If s is a sink
then P? = 0 and the component of P? in HZ? is 2Ly ® R,. This can be 0 only if L, = 0
or R, = 0.

The proofs of the next two Lemmas may look rather tedious, and concern some case
by case inspections. However, they ultimately rely on the main ideas of §5.4.

Lemma 5.5.1. Let C' = [a,b] be an interval closed in T, such that a is the only sink in
C. Then one of the following holds:

1) NS(C) C HE,
2) NS(C) C HY?,

3) T (NS(C)) = CP, and Ry = P, — mpa forall i € [a+1,b],
b+1—1 .
4) mo(NS(C)) =CP, and L; = P; — mPa foralli € [a+1,b].

Proof. Let D C C be a maximal closed proper subset containing a. Let U = C'\ D. Since
D is maximal, it must consist in one single interval [a, c], with ¢ < b, or in two intervals
[a,c] U [d,b], with ¢+ 1 < d.

As in Lemma 5.4.14 we can assume without loss of generality that K 20— Kzl-)’o, hence

Xg € Sym?(m (NS(D)) @ m(NS(C))

which implies by the non-degeneracy of X¢ that m1(NS(D)) = 71 (NS(C)). This implies
that the R;’s, with ¢ € U are linearly independent: in fact they must generate the quotient
vector space NS(C)/NS(D) = m(NS(C))/m2(NS(D)), which has dimension |U|. In
particular, we have:

NS(C)=NS(D) @ span(R; | i € U).
We divide now into the two cases D = [a,c| and D = [a, ] U [d, b].

D D
56 4

Figure 5.1: Two examples of graphs Z,, of some element w € S7. In the first example a
maximal closed proper subset D is the interval [1,4], in the second D = [1,3] U [5, 6].
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Case 1: D = [a,(|.
By writing the (2,2)-component of X — X'p we have

—Le1 ®Re+ Y (=Ly1+ 2Ly — Lug1) ® Ry = 0 € g1 @ ga. (5.8)
u€[c+1,b]

where we write Ly = 0 by abuse of notation. If R. # 0 then R, € m(NS(D)),
thus it is linearly independent from the set {Ri}icc414. So we get Le.y1 = 0 and
(=Ly—1+ 2Ly — Lys+1) = 0 for any u € [c+1,b]. Now, as in the proof of Lemma 5.4.12, we
regard this as a linear system in the variable L.. This system admits a solution if and only
L. = 0. But if L. = 0 by induction we see that the only possible case is NS(D) C HY>.
Since 7 (NS(C)) = 71 (NS(D)) = 0 we also get NS(C) C Hy>.

We assume now R. = 0 and P. = L.. In this case, solving the system above, by the
same argument of Lemma 5.4.12, we find that for any ¢ € [c 4 1, b] we have
b+ 1—u b+1—1

P Ri=P— ;P
b—c+1

L= ——F,
b—c+1

and that P2 = 0. This forces ¢ to be a sink, hence ¢ = a.
Case 2: D = [a,c]U][d,b].
The (2,2)-component of X — Xp is

~Lett®Re+ ) (~Lu-1+2Ly — Lys1) ® Ry~ Li-1 @ Ra =0 € g1 @ go. (5.9)
u€c+1,d—1]

There are no sinks in the closed subset [d, b], hence from Lemma 5.4.14 it follows that either
Rq=0or Rg = Py. The element Py € NS(D) is linearly independent from {R;};c(c,q—1]-
Hence, if Ry = Py we get Lg_1 = 0. Again, the unique solution of the system of equation

Lsg1=0
—Ly—1+2L, —Lyt1 =0 forany u € [c+1,d—1]

is Ly = 0 for all i € [¢,d — 1]. By induction NS([a,c]) C Hy?, and this leads to NS(C) C
HY?
We assume now Ry = 0. We obtain for all i € U
d—1 i—c

R, =P, — L.— P;.
d—c d—cd

But this, as in Lemma 5.4.12; leads to PC% = 0. But d cannot be a sink, so we get a
contradiction. O

Lemma 5.5.2. Let C' = [a,b] be an interval closed in I, such that a and b are sinks in
C. Then either NS(C) C H5" or NS(C) C HY?.

Proof. We can assume that a and b are the only sinks in C. In fact, assume for example
that there is another sink ¢ with a < ¢ < b. Then NS([a,c]) C HZ" implies P. € H2",
thus also NS([e,b]) € Ho and NS(C) C H2'.

Let D C C be a maximal closed proper subset containing a and b and let U = C'\ D.
Since D is maximal we have D = [a, c]U[d, b] for some ¢ and d. Then, arguing as in Lemma
5.5.1, we assume without loss of generality m1(NS(C)) = w1 (NS(D)). This implies that
the R;’s, with ¢ € U are linearly independent and that

NS(C) = NS(D) @ span(R; | i € U).
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D
4

Figure 5.2: An example of a graph Z,, with two extremal sinks.

The (2, 2)-component of Xo — Xp is

— Lt ®Re+ Y (~Lu—1+ 2Ly — Lys1) @ Ry — L1 ® Ry = 0 € g1 @ g2. (5.10)
u€lc+1,d—1]

Both R. and R, are either 0 or are linearly independent from the set {R;}icy (and from
each other). If R. # 0 the same argument as in the second case of Lemma 5.5.1 shows
that L; = 0 for all @ € [c,d]. This implies R, = P., Ry = P; and by Lemma 5.5.1 that
NS(D) C Hy?, whence also NS(C) C Hy?. Similarly, if Rg # 0.
Assume now R. = R4 = 0. Then we obtain for any ¢ € U
d—1 t—c

R, =P, — P.— P;.
d—c d—cd

Now, as in the proof of Lemma 5.4.12 we obtain

p Z cstRs Ry | = p(@l) +p(®2) € Hl(x)JA N H;l;o - {0}7

s,teﬁ
where
2 2
p(@1) =p| g FePa) =~ Pus,
d—c—1 d—c—1

p(@2) =p <_ (Pscflsc + P5d+13d)

and p : R* — H, is the projection. The element P;_s, is a basis element in HJ, so we get
0 # p(©1) + p(O2) = 0, which is a contradiction. O

(P2 + p3>> _

d—c d—c

5.5.1 The case of an extremal sink

We want now to consider the case of an element w whose graph Z,, has exactly one sink,
and this sink is placed in one extreme vertex of the graph Z,,. So we can assume that n € S
is the sink. Let I = {1,...,n — 1}. Notice that this implies w = s,v with v € W;. Recall
that we assumed that w is not contained in any parabolic subgroup W; of W, hence v is
not contained in any parabolic subgroup W C Wj.

We first consider the case w = s,wy, where wy is the longest element in W;. Our first
objective is to show that in this case H, admits a tensor decomposition (cf. Example
5.4.16).

The cohomology of the flag variety X of a group of type A, can also be described as
follows. Let R = Clxy,xo,...,Tn, Tny1] (with degx; = 2) and let W = S,,11 act on R by
permuting the variables x;. Then we have an isomorphism

H*(X,C) = R/RY (5.11)

P—xi+x0+...+ x5
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We consider the graded algebra A := H*(X,C)/(P2) = R/(RY,22_,). We claim that
A= H,. Since P? =0 in H,, the projection H*(X,C) —» H,, factors through A, so it is
enough to show that dim A = dim H,, = 2(n!).

Set

1
Yi = Ti + —Tnt1-
n

Let J C R be the ideal generated by z2 11 and by all the homogeneous symmetric polyno-
mials of positive degree in the variables y1, ..., y,. We claim that J = (RY, x%_H). In fact,
the ideal RT is generated by the polynomials py := x’f + x’z“ +... xﬁﬂ, forl<k<n+1.
We have

PL=y1+y2+...+tyn

koo e )
and forany k>2  pr=(f +us+.un) = o s )t

for some polynomial f € R. It follows that

A= R/(RY,22,1) = Cly,...,ynl/Clyr,- .., ] ®c Clan]/ (22 11). (5.12)

Since clearly dim A = 2(n!) we get A = H,,. Furthermore, this also shows that H,, =
H*(X,,C) admits a tensor decomposition. Observe that this tensor decomposition is the
same non-trivial decomposition predicted by Lemma 5.5.1(2). The decomposition is clearly
defined over R, hence also H®*(X,,, R) admits a tensor decomposition.

The Schubert variety X, is smooth since the projection G/B — G/P; restricts
to a (P;/B)-bundle 7 : X, - X! = B-s,P;/P; = P'. Therefore TH*(X,,R) =
H* (X, R)[¢{(w)] and, because of Lemma 5.4.1, we obtain a splitting

gNs(w) = gNs(w[) X S[Q(R) = aut(H'(G/PI,R)@) X E[Q(R).

Consider now an arbitrary element w of the form s,v, with v € W; and such that v is
not contained in any proper parabolic subgroup of Wi, so the graph Z,, is connected. If
T,, contains more than one sink, it follows from 5.5.2 that H,, does not admit non-trivial
tensor-decompositions.

We call R’ the first factor of A in (5.12). The ring H,, is a quotient of A. We can assume
that n is the only sink in Z,,. In this case, it follows by Lemma 5.5.1 that if H,, admits
a tensor decomposition then it is induced by the decomposition (5.12). This means that,
if we denote by K the kernel of the map A — H,,, to show that H,, does not admit any
tensor decomposition it is sufficient to show that the ideal K is not generated by elements
of R

Any Schubert basis element P, € H,, ., = A can be thought as a polynomial in the
P;’s or in the z;’s:

P, =g.,(P1,...,P,) = fo(z1,...,2p).

Since 22, ; = 0 in A, it can be easily seen that in A we have:

1
Pac:fx(yl,--wyn)_EDfa:(yly-'wyn)xn-i-l (5.13)
where D : R' — R’ is the differential operator
0 0 0
D=4 T+
oyr  Oy2 OYn

Assume that v is not the longest element wj;. Let r be an element of minimal length
in the set
X={yeW|y<sywrandy £ syv}.
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From the Property Z (1.1.1), if y € X then also s,y € X. It follows that r € W7.
The kernel K is the ideal generated by all P, with x € X, thus P, is an element of
lowest degree in K. By (5.13) we have

1 _
H2XW0 5 f (g1, o,y yn) = —Dfr(Y1 Y2, Yn) - Tnp1 € H2Hw)=2.2

and since Hff(w)’o N Hff(w* - {0} we obtain Df.(y1,¥2,.-.,Yn) - Tnt1 = 0, hence

Df-(y1,92,-..,Yyn) = 0in Hy. Since deg D f,, = deg P, — 2, the polynomial D f,(y1,...,Yn)
cannot be a non-zero element of K. This implies D f,(y1,y2,...,yn) = 0 in R'. Thus, if
Df.-(y1,y2,---,yn) # 0 in R’ we get a contradiction, which means that H, is tensor-
indecomposable.

We need to recall a few facts about Schubert polynomials in type A. Schubert polyno-
mials for the symmetric group have been intensively studied, both from a geometric and a
combinatorial point of view. We refer for example to [Mac91].

27

Definition 5.5.3. We call Schubert polynomial of w € S,41 any fy, € Clz1,22,...,Tpi1]
such that its projection to Clx1,xa,...,Tn4+1]/Clx1, xo, .. .,xnﬂ]i"“ coincides with the

Schubert basis element P, (via the isomorphism (5.11)).

In [BJS93| is described a combinatorial formula for Schubert polynomials. We recall
briefly their result.

Let w € 8,41 and let Rex(w) be the set of reduced expression for w. If w = s4,Sq, - - - Sq
is a reduced expression we denote by a = (ai,as,...,a;) the corresponding element in
Rex(w). Let a € Rex(w). A sequence (i1,12,...,14) is said a-compatible if

i1 <1 <. Sy

ij <ajforalll<j<l
ij > ’ij+1 = G5 > Qj+1
Let RK(w) = {(a,i) | a € Rex(w) and i a-compatible}. Then [BJS93, Theorem 1.1]
fw(xl,xg,...,wn) = Z Ljy Ljg - Ty - (5.14)
(a,i)ERK (w)

+1

The ring Clx1, x2, ..., Tnt+1]/Clx1, 22, . .. ,mn+1]‘j_" admits another useful basis, often

referred to as the Artin basis [Art59, §IL.GJ:
{z{'28? .. af |0 <a; <n+1-—1i}.

Note that all the terms appearing in the sum (5.14) belong to the Artin basis: assume
for contradiction that an integer k£ occurs more than n + 1 — k times in an a-compatible
sequence 7, so there exists an index b such that

ib = Z.b+1 = ... = 'L.b+n+1,k == k

This forces
ap > App1 >« oo > Appptl—k > tbintl—k = K,

which is impossible since a; < n.
Let S = Cl[z1, 22, ..., 2], so that S/S’f" is the coinvariant ring of W;. Let x € Wy. It
is evident from the formula (5.14) that the Schubert polynomial of  in W coincides with
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the Schubert polynomial of  in W7y, that is if we denote by P, the Schubert basis element
of z in S/Sf” then

P, = fx(zlaz2a cee ,Zn).

It remains to prove to following:

Lemma 5.5.4. Let f, € Clz1,...,2,]/Clz,... ,zn]i" a Schubert polynomial of id # x €
S,,. Let

_90 . 9 o . 5n 5
D—af%—l-ai@—l-...—{—a—%.(C[z:l,...,zn]/(C[zl,...,zn]+ = Clz1, ..., 2] /Clz1, ..., 2] 7"
Then D f, # 0.

Proof. Because of (5.14), any Schubert polynomial f,, can be written in the Artin basis
with coefficients in R>q. If the degree of f, is positive, the differential operator D sends an
element of the Artin basis in a positive linear combination of elements of the Artin basis. It
follows that D f, has positive coefficients in the Artin basis, so in particular Df, # 0. O

Corollary 5.5.5. Let w = s,v with v € Wy and assume that w is not contained in any
proper parabolic subgroup Wy C W. Then gns(w) = aut(IHy, @) if and only if v is not
the longest element in Wr.

5.5.2 The general case

We are now ready to determine whether the algebra H,, admits a tensor decomposition
for an arbitrary connected element w € Sp41.

Lemma 5.5.6. Let a and b be the sinks of w of smallest and largest index respectively.
We can write w = sg8pv10203 with v1 € Wiy 41}, v2 € Wigq1p-1) and vy € Wiy g (or
w = squ1v3 if a = b). Then H,, admits a non-trivial tensor decomposition if and only if
a > 1 and vy is the longest element in Wiy ,_1) or b < n and vs is the longest element in
Wibs1,n)-

Proof. The sets [1,a], [a,b] and [b,n] are closed in Z,,. Because of Lemma 5.5.2 we can
assume without loss of generality NS([a,b]) C Ho'.

Assume that both v; and v are not the longest element. Then, as in Corollary 5.5.5
we have that NS([1,a]) and NS([b,n]) are also contained in Hg", hence the only tensor
decomposition of H,, is the trivial one.

Assume now that vy = wp q_q) is the longest element in Wy ,_y), hence w = sqv1w2
with we € W[a+1,n]-

We first assume that wsg is the longest element in Wi,y ,). Then, similarly to (5.12)
one can show that H,, is isomorphic to the algebra

Hy,= A=A ®c Ay ®c A3

with
A1 =Clyt, - Ya) /Ty, - -+ Ya)3®
Ay = C[P,]/(P?)

Sntl-a
Az = Clyat1s- - Ynt1]/Clyat1s - - s Ynra |3
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where P, =x1+ ...+ 24 = —(Ta41 + ...+ Tpy1) and

- Jmi+ iR if i <a,
vi= x; + P, ifi>a+1.

_1
n+l—a

Assume that wo is not the longest element in Wi, ). We set 2z 1= sqwp q—1)Wat1,n]-
Then H,, is the quotient of A = H, by the ideal

J=(P,|z<zand z £ w).

All the elements z < z are of the form x = sfz1z2, with 1 € Wy 4_q), T2 € Wiyy1 4
and € € {0,1}. We claim that we have P, = ¢P; Py, P;, in H,, for some ¢ € R.
For this, we consider the equivariant Schubert basis {P; }.<. of H}.(X;, C) from Chap-
ter 3. We have:
PiPuPuy =Y ¢,Py  forc,€R (5.15)

y>z

where ¢, are homogeneous polynomials of degree 2(e + ¢(x1) + ¢(x2) — €(y)). Since by
Lemma 3.4.2 we have P, € I's, H}.(X,,C) for any x, one obtains y > s%, 21,22 for all y
appearing in the sum (5.15). Projecting equation (5.15) to H, := C ®r H}(X.,C) means
killing all homogenous polynomial of positive degree, hence only the elements y such that
ly) = € + £(x1) + ¢(x2) survive. The claim now follows since z = sizixs is the only
element of the required length bigger than s, x1 and x2 and smaller than z. It follows that

J=(Pr|x €Wy and z £ wo).

Claim 5.5.7. If © € Wi,4q ), then P, € H*(X,C) is contained in the subalgebra of
H*(X,C) generated by P,y1,...,Py,.

Proof of the claim. It follows immediately from the combinatorial formula (5.14) that if
x € W1 _q then P, is contained in the algebra generated by z1,...,xn—4, hence in the
algebra generated by Py, ..., P,_s. Since the map defined P; — P,,4+1—; induced by flipping
the Dynkin diagram A,, is an automorphism of H*(X,C), the claim follows. O

From the claim, it follows that all the generators of J are contained in A2 ®¢ As, hence
J = Ay ®c J, where J = (P, | © € Wigq1,) and © £ wy) is an ideal of Ay ®c Az. We
deduce that H,, admits a tensor decomposition of the form

Al R ((A2 R Ag)/J)
The case v3 longest element in Wy, ,,) is completely symmetric. O

Notice that all the tensor-decompositions of H,, we obtained are defined over R, so we
have shown that we have a tensor decomposition of H®*(X,,, C) if and only if we have a
tensor decomposition of H®(X,,R).

This completes the classification of elements w € S, 41 such that H*(X,,R) admits
a non-trivial tensor-decomposition. Recall that we have a decomposition of the Néron-
Severi Lie algebra gyg(w) if and only if TH®*(X,,,R) admits a non-trivial tensor decom-
position (Lemma 5.4.1). Therefore, it remains to show that IH®(X,,R) admits a tensor-
decomposition compatible with the decomposition of H®(X,,,R). To show this it is more
natural to use the notation coming from Soergel bimodules. Recall that B,, & I H®*(X,,, R)
and that H®(X,,R)[¢(x)] is a R-submodule of B,, (here the Soergel bimodules are con-
structed with respect of the realization of type II of W).
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Let w = sqwyy q—1)v = svwyy q_1) With v € W,41 ). We have just shown that
H®*(Xy,R) = A1 ®@r H*(Xs,0, R) (5.16)

where A; is the subalgebra of H®(X,,, R) generated by P; — éPa for 1 <4 < a. Since s,v
is minimal in its W/W}; ,_1)-coset we have

By 2 By,y @ pva-y R[E(wy o 17)] (5.17)

Since A; is a subring of H®*(X,,,R), A; acts on B,, via multiplication on the right. We
regard Bs,, as a subspace of By, using (5.17). Therefore we have a map of vector spaces:

@:A1®RBsav_>Biw

a®@b—b-a.

We claim that © is an isomorphism. The vector spaces Ay ®R% and B, have the same
dimension, so it suffices to show that © is surjective. It is clear from (5.17) that By, is
generated by Bs,, as a R-module, hence as a H*(X,,, R)-module. Because H*(X,,R) =
Ay @r H*(X5,0,R) and H®*(Xs,,, R) preserves Bg,,, the claim follows.

In this way we obtain a tensor decomposition of B,, = IH*(X,,R) compatible with
the decomposition (5.16) of H®*(X,,,R).

In view of Lemma 5.4.1, we can now give a complete answer to what Néron-Severi Lie
algebras look in type A:

Theorem 5.5.8. Let a and b be the sinks of w of smallest and largest index respectively. If
a < b we can write w = $48pV1V2V3 with v1 € Wiy 41}, V2 € Wigy1 1) and v3 € Wiyy 1 -
Then

ans(v1) X gns(Saspv2) X gns(v3)  if v1 = wp g—1] and V3 = Wiy
a ) = a— d n
ans(w) = gns(v1) X gns(Saspv2v3) Z'f V1 = Wi q—1] and V3 F Wip4 p) (5.18)
ans(v3) X gns(Saspv1v2) if v1 # Wy g—1) and v3 = Wi g
NS (Saspv1v203) if v1 F W q—1) and v3 F Wi g
If a =0 we can write w = squivg with vi € Wy 4_1) and vy € Wi y1,). Then
gns(v1) X gNs(8a) X gNs(v3)  if v1 = Wiy a—1) and v3 = Wiy )
a ) = a— d at+1,n
aws(w) = gns(v1) X gns(Sav3) Z‘fm W[ ,q—1] and V3 F W i1, (5.19)
gns(v3) X gns(Sqv1) if v1 # wp g_1) and V3 = Wigpq p)
ans(Sqv1v3) if v1 # wp g_1) and V3 F Wigi1p)

Moreover, all the Lie algebra gns(z) appearing in the RHS of (5.18) and (5.19) are max-
imal, i.e. we have gyg(w) = aut(IH®*(X,,R), d).

Proof. If at least one between v; and wg is not maximal the statement follows from the
discussion above. We have also discussed the case v1, v3 maximal and a = b in the proof of
Lemma 5.5.6. The proof in the remaining case v, v3 maximal and a < b is analogous. [J
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Chapter 6

The Hard Lefschetz Theorem 1n
Positive Characteristic for Flag
Varieties

6.1 Introduction

The hard Lefschetz theorem does not hold over Z: if Y is a complex smooth projective
variety of dimension d and A € H?(Y,Z) is the first Chern class of an ample line bundle,

in general the map
Mo HERY, 7)) — HYR(Y, 2)

is not an isomorphism (even if we restricts to varieties with no torsion in the cohomology
H*(Y,Z)). In addition, the hard Lefschetz theorem does not even hold when we consider
cohomology with coefficient in a field K of characteristic p > 0. We recall the following
definition from Chapter 5:

Definition 6.1.1. Let d > 0 and V = @id:o V* be a graded finite dimensional K-vector
space. Let f:V — V be a map of degree 2 (i.e. f(V¥) C VF*2 for any k). We say that
f has the Lefschetz property on V if for any 0 < k < d the map f*: V4¢F - Vd+k ig an
isomorphism.

If V is a graded K-algebra we say that 7 € V2 has the Lefschetz property on V if the
multiplication by 1 has the Lefschetz property.

Let X be the flag variety of a simply connected group G. The goal of this chapter is
to answer the following:

Question 6.1.2. Let K be an arbitrary infinite field of characteristic p. For which primes
p does there exist A € H*(X,K) such that X has the Lefschetz property on H*(X,K)?

As explained in the introduction, this is motivated by modular representation theory,
and in particular by Lusztig’s conjecture. Fiebig’s proof of the upper bound on Lusztig’s
conjecture is based on a rough bound on when local hard Lefschetz holds for Schubert
varieties in the affine flag variety. By refining these estimates one could be able to find
sharper bounds to Lusztig’s conjecture.

We believe that the answer of Question 6.1.2 is a first step in this direction.
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6.2 Statement of the main result

Let G be complex simply-connected semisimple algebraic group and let X = G/B be its
flag variety. Let W the corresponding Weyl group. Recall the relevant notation from
Chapter 1 and 2. Let { Py }wew be the Schubert basis of H*(X, K).

The pairing between weights and coroots can be extended to a K-valued pairing between
H?(X,K) and Z®". We will abuse terminology and refer to the elements of H2(X,K) as
weights.

A first partial answer to the Question 6.1.2 was given by Stembridge. In [Ste02] he
computes explicitly the map A% : HO(X,7Z) — H?¥(X,Z). We have:

AaY)

d.p — ||
A Po= (ot ] hi(o)

acdt

Py, (6.1)

where e € W is the identity and wg € W is the longest element of W. The height of a
root, here denoted by ht(«), is the sum of its coordinates when expressed in the basis of
simple roots.

From Stembridge’s formula (6.1) it follows that if K is a field of characteristic p and
p does not divide |®*|!, i.e. if p > |®F|, then there exists A € H?(X,K) such that
A HY(X,K) — H?4(X,K) is an isomorphism: we can take, for example, p = % Z,Beclﬁ I5;
so that p(a“) =1 for every simple root a.

Remark 6.2.1. Let k; be the number of positive roots of height 7. Then we have k; >
ke > ... and > k; = |®T]| (see [Hum90, §3.20]). We can then regard k1 > ko > ... as a
partition of |®*| and consider the dual partition my > mg > ..., l.e. m; = #{j | k; > i}.
The integers m; are the exponents of the group W. The values of the exponents (increased
by 1) can be found in [Hum90, Table 1, §3.7]. We have

IT nt(e) = 5% =[] ma"

acdt j>1 i>1

It follows that the number

o+t ( |F| )
[Toca+ ht(a) mi,ma, ...
ms, -F-77Zj2 4+ .. .My,

is an integer and it is divided by (
Mgy, Moy« ooy MMy
of N.

Therefore, from Stembridge’s formula, it also follows that there cannot exist A such

that A\? is an isomorphism if
@]
| . . (6.2)

Now, using the known explicit values of the exponents, one can easily check that, if p is a
prime such that p < |®*| and p is not as in Table 6.1, then (6.2) holds.

It the case listed in Table 6.1 we can compute explicitly, with the help of the software
[BCPY7], the map \¥ : H¥*(X K) — H¥*(X K) for any A € H*(X,K) and any k > 0.
We obtain that there exists A € H?(X,K) with the Lefschetz property in the first three
cases, namely if rk(G) = 2 (see Example 6.2.3), and that there is not such X in the last three
cases, namely X of type B3, Cs or Fy. In fact, for p = 5 and X of one of these typesthe
map A2 : H?(X,K) — H?*2(X,K) is not an isomorphism for all weights A € H?(X,K).

>, for any finite subset {j1, j2, ..., jr}

T
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Table 6.1:

® | p| |®T| | I\ with Lefschetz property?
Ag | 2 3 Yes
By | 3 4 Yes
Gy | b 6 Yes
Bs | 5 9 No
Cg 5 9 No
Fy | 5| 24 No

Here we give a complete answer to Question 6.1.2. The main result is the following:

Theorem 6.2.2. Let K be an infinite field of characteristic p > 0. Then there exists
A\ € H*(X,K) such that the hard Lefschetz theorem holds for X\ on H®*(X,K) if and only if
p > |®F| or ® and p are as in the first three lines of Table 6.1.

Example 6.2.3. Let X be of type By and K be an infinite field of characteristic 3. We
label the simple roots in the Dynkin diagram as o = 3. Let A = aw,+bwg be an arbitrary
weight, where a, b € K and w,, ws are the fundamental weights. We can compute explicitly
the Lefschetz determinants:

e Dy(a,b) :=det(\ : HO(X,F5) — H®(X,Fs5)) = 4ab(a + b)(a + 2b);
e Dy(a,b) :=det(\? : H*(X,F5) — HS(X,F5)) = —(a® + 2ab + 2b°).

The polynomials Dy and Dy are not identically zero, so there exists A with the Lefschetz
property. For instance, we can choose A = aw, + wg, with a € K\ {0, 1, 2} such that it is
not a root of the polynomial z2 + 2z + 2.

Similar elementary computations show that there exists A with the Lefschetz property
on H*(X,K) if X is of type Aa (resp. G2) and K is a infinite field of characteristic 2 (resp.
5). Thus Az, By and Go are the only types for which there exists A € H?(X,K) with the
Lefschetz property for a field K such that char(K) < [®7].

Remark 6.2.4. The situation is more subtle if one considers the case of a finite field.

For example, let X be of type By and let K = F5. Similarly to Remark 6.2.3, let
A\ = aw, + bwg with a,b € F5. Notice that in this case we have Da(a,b) = —(a® + 2ab +
2b%) = —(a+3b)(a+4b). It follows that there are no a, b € F5 such that A has the Lefschetz
property on H®(X,F5), although 5 > |®*| = 4.

6.2.1 Structure of the proof

Using basic Schubert calculus, in §3 we translate the original problem, which is geometric
in nature, into a combinatorial one, which is expressed only in terms of the Bruhat graph.
In §4 we show how the Bruhat graph can be “degenerated” into a product of simpler
graphs (corresponding to maximal parabolic subgroups), and that it is enough to show
hard Lefschetz theorem for the latter.

We discuss when the Lefschetz property holds for those simpler graphs (for good choices
of the maximal parabolic subgroups) in §5. In §6 we discuss the Lefschetz property for
Artinian complete intersection monomial rings, i.e. rings of the form

K[z1, z2, . . .,:cn]/(a:‘lil,xg2, o adn),
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opportunely graded: this allows to make use of the knowledge of the Lefschetz property
for the single factors to investigate the Lefschetz property for a product of graphs.
Finally in §7 we put everything together to obtain a proof of Theorem 6.2.2.

6.3 The Bruhat graph of a root system

Definition 6.3.1. We define the Br’uhat graph Bg of ®. The Vertlces of the graph are the

elements of W. There is an arrow w —>vf0rv weWifw —>v ie. if (v) = L(w) +

and wt, = v, where t, is the reflection corresponding to the p051t1ve coroot vV

Remark 6.3.2. Our terminology for the Bruhat graph is somewhat non-standard. For

example, in [Dye91, Definition 1.1] it is defined to be the graph whose vertices are the
\4

elements of W, in which there is an arrow w 2 v for v,w € W whenever v = wt, and

L(v) > L(w).

Example 6.3.3. If G = SL3(C), then ® is the root system of type Ay and W = Ss, the
symmetric group on 3 elements. It is generated by the simple transpositions s and t. Let
« and S be the two simple coroots corresponding to s and ¢. The Bruhat graph B¢ is:

We recall Chevalley’s formula (3.6) and (5.3). Let A € H?(X,Z) be a weight. Then

A-Py= Y My)P,

2l
w—>v

If {(v) — l(w) =k, let Cy(N) € Z be defined by

NePy= Y Cun(NP,
L(v)=£(w)+k

Then we have

A) = Z AR - Z Cuw,wy (M) Cup s (A) -+ - Cuoye_1 0(A)

224 7y vy W, .
where the sum runs over all paths w — w; —=— wy — ... —> v in Bg connecting w to
.

Let S C W be the set of simple reflections and I C S be a subset. Recall that W;
denotes the subgroup generated by the simple reflections in I. We denote by W! C W
the set of representatives of minimal length in W/W7y. If J C I, then WIJ is well defined.
Let ®(I) be the sub-root system of ® generated by the simple roots in I. Notice that
reflections in ®(I) correspond to positive roots in ®(7).
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We fix I. For any w € W we denote by w’ € W' and w” € W; the unique elements
such that w = w'w”. We have f(w) = £(w') + £(w").

Let P be the parabolic subgroup B C P; C G corresponding to the subset I. Recall
that the projection G/B — G/P induces an injective map H*(G/P;,Z) — H*(G/B,Z),
and that the image is the subspace generated by all the P, with w € W7,

For s € S, let as and ) denote the corresponding simple root and coroot. Let s
denote the corresponding fundamental weight, i.e. ws(ay') = 05, for any ¢ € S.

From Chevalley’s formula we get that ws, = P, for any s € S. So the subspace
H?*(G/P1,Z) C H*(G/B,Z) has as a basis the set {wws}ses -

Definition 6.3.4. Let I be a subset of S. We define the degeneration map ny : Z®V — Z®V
as follows:

oY = oV e —0 forallseS\ I
WI(Z%@X):{ZSGSCO‘S doserCsoy ifc or all s \

s€S ZSGS\] Csa;/ otherwise.

For example, if I = S\ {s}, then 7; should be thought as “taking the leading term” of
an element in Z®" after viewing it as a polynomial in the variable o .

Definition 6.3.5. Let I C S be a subset. The parabolic Bruhat graph %{D is a graph

"
whose vertices are the elements in W!. For any edge w 2 vin By, with w,v € W, we

Vv
put an edge w LA BL where 77 : Z®Y — Z®V is the degeneration map.

\
Notice that if w,v € W/ with w - v, then v ¢ ®(I). Hence in Definition 6.3.5 only
the second case of the degeneration map 7y is actually used.

We see easily from Chevalley’s formula that the graph SB{I, describes the multiplication
by A € H*(G/Py,Z) in H*(G/P,Z) in the Schubert basis { Py} e, i-e.

APy= > AOP,.

§
w—)ve%é

6.3.1 The degeneration of the Bruhat graph

Fix now K an arbitrary infinite field and let A € H?(X,K) be an arbitrary weight.

We label the elements of S = {1,2,...,n}, so that we can express X as » ;" | x;ww; with
x; € K. From now on we will regard the z;’s as indeterminate variables.

After we fix arbitrarily an ordering of the Schubert basis (or, equivalently, of the el-
ements of W) the map A\* : H¥*(X K) — H*(X,K) can be thought of as a square
matrix with number of columns equal to the number of elements of length (d — k)/2 in
W. Taking the determinant we obtain a polynomial Dy(\) = Dg(z1,...,2,). Since the
field K is infinite, the existence of A\ satisfying the Lefschetz property is equivalent to
Dy(x1,...,2y) #0, for all 0 < k < n.

The polynomials Dy (A) appear to be hard to compute explicitly. However, it is sufficient
for our purposes to compute a single term in Dg(\): its leading term in the lexicographic
order £1 > xo > ... > xp.

Definition 6.3.6. Let I be a subset of S. We say that w I-dominates v if w = w'w”,
v = v, with w',v' € W! w’ v" € Wy and w' > v/, w” > v" (> is the usual Bruhat

\
order). We say that an edge w s v is I-relevant if v I-dominates w. A path connecting
w to v is I-relevant if all its edges are I-relevant.
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The Bruhat order < is compatible with the projection W — W/W; = W/ (cf. Lemma
4.4.4), that is if v > w then v/ > w'. It follows that v I-dominates w if and only if v > w
and V" > w".

Lemma 6.3.7. Let v,w € W such that v = w'. Then v > w if and only if v > w".

Proof. Let s € S be such that sv’ < v'. We have sv’ € W! by [Deo77, Lemma 3.1], thus
(sv)’ = sv’. Moreover, by the Property Z 1.1.1, we have v > w if and only if sv > sw, so
we can easily conclude by induction on £(v"). O

Lemma 6.3.8. Let w LV> v be an edge in Bg. Then w 7—v> v 1s I-relevant if and only if
() < L(w') + 1.

\%
Proof. If w - v is I-relevant, then £(v) = f(w) + 1 and £(v") > L(w"), so clearly
(") <L) + 1.
Conversely, if £(v') = £(w') then v' = w' because of Lemma 4.4.4. Therefore v’ > w”

"
by Lemma 6.3.7 and w 25 v must be I-relevant.
It remains to consider the case £(v') = £(w') 4+ 1, or equivalently ¢(v") = ¢(w"). We

claim that in this case we have v” = w”, whence in particular w LV) v is I-relevant. The
claim is proven by induction on £(v”) = ¢(w”). The case £(v"”) = 0 is clear.

If s € I then, for any 2 € W we have (2s)' = 2’ and (zs)” = 2”s. Let s € I such that
v"”s < v”. This implies, again by the Property Z, that w < vs or ws < vs.

If w<wvs <w, then w = vs. Thus we have w’ = (vs)’ = v/, which is a contradiction

\%
since £(v") = L(w') + 1. If ws < vs then ws 07, s is an edge in Bg. Since v/ = (vs)’

and w’ = (ws)’ we have £((vs)") = £((ws)")+ 1 and £((ws)") = £((vs)") = £(v") — 1. Hence
we can apply the inductive hypothesis to get w”s = v”s, thus w” =v". O

Vv
In other words, the proof of Lemma 6.3.8 shows that an edge w 25 vin B is I-relevant
if and only if v = w’ or v = w".

Definition 6.3.9. The [I-degenerate Bruhat Graph %éfdeg is a graph having the same

vertices as the Bruhat graph B¢. The edges in ‘Béfdeg are the I-relevant edges in B4: for
Vv \
any I-relevant edge w —— v in Bg we put an edge w mO0, 4 in ‘Bé_deg.
In particular, in the case I = S\ {s} the edges in %{{;deg are all labeled by mag, with
m € Nxg, or by a root in ®(I).

Example 6.3.10. Let ® be the root system of type As as in the Example 6.3.3 and let
I = {t}. Then ts does not I-dominate ¢, although ts > ¢ in the Bruhat order. In fact,
(ts)" = e # t =t". Thus the edge t — ts is not {t}-relevant. The degenerate Bruhat

graph ‘,Bg}_deg is:




The graph ‘B{{;deg describes a new action - of A on H*(X,K). We say

I
A-Py= > AP,
wiwe%é:deg
where the sum runs over all edges w O starting in w in ‘Bf{deg (or equivalently all

I-relevant edges starting in w in Bg). We call it the I-degenerate action of A.
The new graph %éﬁdeg can be obtained as product of two smaller graphs. In fact, we

have ’B{{deg = ‘Bé X Bg(r): at the level of vertices we have a bijection W = W x W

Vv
and, because of Lemma 6.3.8, for any I-relevant edge w ~5 v we have two cases:

m1(vY) v :
e w' =7 and w't, =", so w ——% v comes from the edge w” 250" in Ba(1);
m1(v") (W' (M), .
o w" =" and W'ty = v, 50 w —— v comes from the edge w' ——= v’ in

B!

Remark 6.3.11. It is not hard to see that the I-degenerate action described by %{{;deg

coincides with the action on H*(G/P;xP;/B,K) = H*(G/P;,K)® H*(P;/B,K) defined
as follows: if A =) . ¢ x;w;, P, € H*(G/P1,K) and P, € H*(P;/B,K) then

I
ANPer) = (Y wm) - Pek+ e (Y nw)- P
1€S\I el

For a polynomial f € K[zi,...,x,] we denote by deg;(f) its degree in the vari-
able x; and by coeff; ,(f) the coefficient of z¢ in f (thus coeff; ,(f) is an element of
Klz1,... i1, Tit1, ... Tn]). We set deg;(0) = —1.

Recall that the elements of S are labeled as {1,2,...,n} and that A\ = ) z;w; is a
formal linear combination of the fundamental weights. We set I = S\ {1}.

We have

deg (A7) = {; iz - (\If“) |

Notice that v € ®([) if and only if ¢, € Wr.
Lemma 6.3.12. Let w,v € W with £(v) > ¢(w). Then:

i) deg (Cyrn(N)) < L(V) — L(w') and we have equality if and only if there exists an I-
relevant path connecting w to v;

ii) coefl1 o) o) (Cuw () -2 ) = 37 A (W) A (1)) - Al (),

relevant

Vv Vv Vv

¥ 5. ¥
where the sum runs over all the I-relevant paths w —= w; —= wy —= ... = v
connecting w to v in Be.

Proof. i) We start with the case ¢(v) = ¢(w) + 1. If there are no edges connecting w to v
in Bg then there is nothing to show.

Vv Vv
Assume that there is an edge w —— v in Bg, so that Cp,(A) = A(YY). If w 2= v is
not I-relevant by Lemma 6.3.8 we have £(v') — ¢(w') > 2, and the statement follows since

deg;(Cy (M) < 1.
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\
Assume now that w —— v is I-relevant, then w’ = v’ or w” = v”. Since w'w'"t, = v
we see that w’ = ¢’ if and only if ¢, € W7, i.e. if and only if deg;(Cy,v())) = 0.
The general case ¢(v) > ¢(w) + 1 follows since

Cw,v()‘) = Z Cw,w1 ()‘)thwz ()‘) s kafl,v()‘)
where the sum runs over all paths w — wy — wy — ... —> v in Byg.
ii) We start with the case ¢(v) = ¢(w) + 1. If there are no I-relevant edges in Bg

Y
between w and v then both sides are 0. If there is an I-relevant edge w 5 v, then
Cu(N) = A(7") and

coeffy gy oy (A7) - 217 = N (1Y),

The general case {(v) > ¢(w) + 1 easily follows. O

We fix now an arbitrary k € {1,2,...,d}. Let D,(cl)()\) be the Lefschetz determinant of
the I-degenerate action of A on H%*(X,K), described by %f{deg, computed in the same

basis used for Di(A). In other words D,(:)(/\) is the determinant of the map A\* ! (=) :
H¥*G/P; x P;/B,K) — H¥*(G/P; x P;/B,K) described above.
Lemma 6.3.13. Let My = Z [(v') — Z l(w"). Then we have:
L(v)=(d+k)/2 U(w)=(d—k)/2
i) deg; (Dy(A)) < Mp;

it) The polynomial D,(ﬂl)()\) is homogeneous of degree My, in x1;

i1) coeffy ar, (Di(N)) - Jii\/[k = D/(ﬁl)(A)‘

Proof. The determinant polynomial can be expressed as

Dk()\) = Z Sgn(a)cwl,o(w1) ()\)ng,a(wg) ()\) tee Cwn(k),o—(wn(k)) (A)

where o runs over all possible bijections between elements in W of length (d — k)/2 and
(d+k)/2 (and the sign is determined by the chosen order of the Schubert basis). Then i)
follows from Lemma 6.3.12.

The terms in the sum which contribute to coeffy ar, (Dy (X)) are precisely the ones

coming from I-relevant paths, i.e. the one which are also in D](Cl)()\), so ii) and iii) also
follow. O

We can now reiterate this procedure. Let S = Iy D I; D I D ... D I, = () be such
that I;_1 \ I; = {j} for any 1 < j < n. We have a length preserving bijection of sets:

UW =W W2 x Wy,

We write U(w) = (w(l),w(z), e ,w(”)). The degenerated graph ’Bg) = %f}}_deg is iso-

morphic to %f}} X Bg(r,). It can be degenerated again into %g) = SB{I; X ’Bf}f(';lle)g =

%g X %g(h) X Bg(1,), and s0 on up to
n—1 I I
By V= B X BE XX By, )
We set BY) := By and B 1= 80,
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Definition 6.3.14. Each of the %g) describes a new action of A on H*®(X,K), which

we call the j™-degenerate action and we denote by 1 We say that v j-dominates w if
v® > w@ for any i < j and vUTD . ™) > Ut (),
"

We say that an edge w Tsuis j-relevant if v j-dominates w. A path connecting w to
v is j-relevant if all its edges are j-relevant.

For 1 < j < n, let CY)()\) be the coefficient of P, in A ? Py, where £(v) — £(w) = h.

)

Thus Lemma 6.3.12.i1 can be restated as:

Coeﬁ1,e(v(1))_e(w(1>)(C&%(A)) 'fvf(v(l))_é(wm) = 0(12;(/\)-

w,
We also have:
Lemma 6.3.15. Let w,v € W with {(v) > (w) and 0 < j <n —1. Then:

i) deg;q Cl(ﬂ]()\) < (YD) — 0(wUHVY and the equality holds if and only if there is a
(j + 1)-relevant path connecting v and w;

. G+ (G +D) ;
it) Coeﬁj+1,f(v(j+1))—Z(w(ﬂ'l))(ij,)v()‘)) '9U§(+v13 ST 2 Cq(l}],:fl)()\);

iii) C’z(vjj,rl)(A), regarded as a polynomial in x;, is homogeneous of degree £(v(V) — £(w®)
for1<i<j+1.

Proof. The same arguments as in the proof of Lemma 6.3.12 show (i) and (ii). Now (iii)
follows by induction on j using (ii). O]

For 0 < j < n let D,(Cj)()\) be the Lefschetz determinant obtained from the ;-
degenerate action of A, computed in the same bases used for Dy(\). We have

Dl(c])(/\) - Z Sgn(a)c’fjl),a(wl)(A)CSQ),U(U’Q)(A) o Ci(jn)(kw(wn(k))()‘)' (6.3)
For any 1 < j <nlet M,Ej) = (o) — Z O(wD).
U(v)=2455 O(w)=15E

Lemma 6.3.16. For any 0 < j < n — 1 we have:
. j +1
i) deg 1 DYV () < MY
i) D,(cj)()\) is homogeneous of degree M,gi) inx; for 1 <i<j;

sy M _
i11) CoeﬁjJrl,M,Ej“) D’(j)()\) .xj+k1 — DI(CJ+ )()\).

Proof. Using (6.3) and Lemma 6.3.15 this follows arguing just as in Lemma 6.3.13. O

M(1> M(2> M(")

Let pup =2, % x5, * ... 2, * . We have the following:

Corollary 6.3.17. All monomials in Dy(\) = Dg(x1,...,x,) are smaller than uy in the
lexicographic order.

The polynomial D,(Cn_l)()\) (which is equal to D]({n)()\)) is homogeneous of degree M,Ej)
in xj for any 1 < j <n, i.e. D,(ﬁnfl)()\) = Rpux, with Ry € K, and the coefficient of the
monomial pg in Di(\) is Ry.
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6.4 Hard Lefschetz for the maximal parabolic flag varieties

To show that the polynomials Dy () are not identically zero, it suffices now to show that,
for some ordering of the simple reflections, we have Ry = (uk)_lD,(cnfl)()\) € K*. This
will be done by investigating whether the (n — 1)*-degenerate action of a weight A has the
Lefschetz property on H*®(X,K). This coincides with the action on

H*(G/P1,,K)® H* (P, /P,,K)®...® H*(P;, ,/B,K),
where A = ) x;w; acts as multiplication by
T R®1IR..®14+1Rxmwe®...014+1R1Q ... R x,n,.

Example 6.4.1. Let W = S,11 be a Weyl group of type A,. We label the simple
reflections as follows:

1 2 3 o —(n=1)—n

Then Py, /Py, = P"H17J(C) for all 1 < j < n. So the degenerate action of A can be
thought as multiplication by Y " | z;w; on K[wy, ... ,w,ﬁ/(w?“, e, T2).

The aim of this section is to consider the action of the fundamental weight w; on a
single factor H*(Py,_, /Py;,K). Obviously w; has the Lefschetz property if and only if
xjw; has the Lefschetz property for every (or any) z; € K*.

We can assume j = 1. Since we can choose arbitrarily the ordering {1,2,...,n} of S,
for our goals it is enough for every irreducible root system to check the Lefschetz property
on H*(G/Pg\ (1}, K) for only one particular choice of {1}.

Proposition 6.4.2. Let ® be an irreducible root system with simple roots S. Then we can
always choose 1 € S such that w has the Lefschetz property on H®(G/P g\ (13, K) for any
field of characteristic p > |®T|.

Proof. We set I =S\ {1}. The proof is divides into cases.

Case A,: We label the simple reflections as in Example 6.4.1. We can choose G =
SL,+1(C). Then the parabolic flag variety G /P is the Grassmannian of lines in C**1,
i.e. it is isomorphic to P*(C). Then w; has the Lefschetz property in H*(G/P,K) =
K[w1]/ (1) for any field K.

Case B, and (C},: We label the simple reflections as follows

1 2 3 o — (n—1)=—=n

If W is the Weyl group of type B, (or C,) is it easy to list all the elements in W/ and
to draw the parabolic Bruhat graphs ’BIBn and %én.

Notice also that P is cominuscule in type B, and minuscule in type C,. The parabolic
flag varieties G/P; are described in detail in these cases in [BL0O0, §9.3].
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B v% 12...(n—1n(n—1)...21 | B v$ 12...(n—n(n—1)...21
i (n—Dn(n—1)...21 “f] (n—Dn(n—1)...21
a% n(n—1)...21 al% a(n—1)...21
20 ay
o (n—1)...21 o (n—1)...21
a1 =y ay1 =t
° 21 ° 21
o] o]
avf 1 avf 1
‘o id ‘e id

From this it is evident that if ® is of type C), then w; has the Lefschetz property on
H*(G/Py,K) for every field K, while if ® is of type B,, then ww; has the Lefschetz property
on H*(G/Pr,K) if and only if char(K) # 2.

Case D,: We label the simple reflections as follows:

(n—1)
—
1—2—3— - —(n—-2)
T~

n

If W is the Weyl group of type D,, is it easy to list all the elements in W' and to
draw parabolic Bruhat graph %én. Notice also that P; is minuscule and the parabolic
flag variety G/P is described in detail in [BLO0O, §9.3].

The parabolic Bruhat graph ’BIDn is:
12...(n=2)n(n—-1)...21

It follows that wo; has the Lefschetz property if and only if char(K) # 2.

Exceptional Root Systems: We computed, with the help of the software Magma
[BCPI7|, for each of the exceptional Weyl groups the set of primes p such that w; has
no Lefschetz property on H*(G/Pg\(1},K) for an infinite field K of characteristic p. We
indicate in the Dynkin diagram the choice made for the vertex 1.
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Root System | |®F| | Dynkin Diagram | Primes with no Lefschetz property for
F 24 Loyl 2,3,13
Ga 6 Ly 2
Eg 36 Llo. 2,313
Er 63 Lol 1235,7,19,23
Eg 120 N S 2,3,5,7,19,29,31,37,41,43,47,53
This completes the proof of Proposition 6.4.2. O

The following Lemma is standard:

Lemma 6.4.3. Let K be a field and V = @y<j<ag VF a finite dimensional graded K-
vector space. Let n:V — V be a linear map of degree 2 with the Lefschetz property, i.e.
n* VaTF 5 VAtk s an isomorphism for any k. Then there exists a decomposition of V,
called the Lefschetz decomposition, in the form

V= @ K[n|pk,:

0<k<d
1<i<ry

where {pyiti<i<r, is any basis of Va=k 0 Ker(n*+1).

In particular, if V = @,“ K[n]pk; is a primitive decomposition we get a basis {n'px;}
(with0<k<d, 1<i<rrand 0<I<k)ofV.

The existence of the Lefschetz decomposition implies that, after changing the basis,
the map 71 can be represented by a graph which is a disjoint union of simple strings.

Example 6.4.4. Let ® be of type D4 with the reflections labeled as above. Then, if
char(K) # 2, we can choose { Piq, P1, Po1, P321 4 Py21, P321 — Pao1,2Py321, 2Po4321, 2P124321 }
as a basis of H*(G/Pg f1},K). In this basis multiplication by @ is represented by the
following graph:

P Py Py1 Psoy 4 Pya1 2Py30 2Pyu321  2Pi24321
w1 w1 w1 w1 w1 w1
Pso1 — Pyoq

6.5 Hard Lefschetz for Artinian complete intersection mono-
mial rings

In this section, let K denote an arbitrary field of characteristic p.

Theorem 6.5.1 (|[Pro90]). Let A = K[y, @y, ..., )/ (@™, @, ... wi). We regard A

as a graded algebra over K in which the w; have degree 2. Let d =% ;" (d; — 1). Then if
p > d multiplication by A = > x;w0; has the Lefschetz property on A if x; € K* for all i.

Let A =) x;w; with z; € K*. In [Pro90, Corollary 2|, Proctor actually gives a closed
formula for the determinants Dy()) of A\¥ : A=F — A4tk From Proctor’s formula we
can easily check that all the determinants are in K* if p > d, hence A has the Lefschetz
property on A.
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We give here an alternative elementary proof based on the representation theory of
slp(K) (a similar proof for K of characteristic 0 appears in [Wat87]). If d <1 then A =K
or A = K[w]/(ww?). In both cases the statement of Theorem 6.5.1 is clear. We can
therefore assume char K = p > 2. Let

00 1 0 01
=G0 =6 A =)

so that {f, h,e} is a basis of sly(K).

For any integer 0 < m < p — 1 let L(m) be the irreducible sly(K)-module of highest
weight m. These modules can be obtained by reduction from the characteristic 0 case, i.e.
L(m) has a basis {v;,—ak fo<k<m such that the action of sly(K) is described by

m+1+2 m—1+2

h -v; = 1v;, e-v; = 5 Vit2, frvi= 5

Vi—2
for any ¢, where we set v, 12 = v_p—2 = 0.

Let U = U(slz(K)) be the universal enveloping algebra of sla(K). Let M be a slp(KK)-
module and let v € M be a highest weight vector of weight a with 0 < a < p —1, ie.
h-v=avande-v=0. Then U - v = span({f¥ - v | k > 0) is a submodule of M such that
dim(U - v) > a+ 1. Moreover, dim(U - v) = a+ 1 if and only if U - v = L(a).

We consider the Casimir element C' = 2ef + 2fe + h? € Y. It is easy to check that C
lies in the center of U, therefore C' acts as a scalar on any highest weight module U - v.
If v is of weight m, we get C -v = (2ef + h?) - v = (2m + m?)v, so C acts as the scalar
2m +m? on U - v.

Proposition 6.5.2. Let mq, mo, ..., m, be non-negative integers such that their sum d :=
Yoy m; is smaller than p. Then L(mi) ® L(mg) ® ... ® L(my,) is a semisimple sl (K)-

Va

module and it decomposes as EBfll:O L(a)"=, where v, are non-negative integers.

Proof. By induction it is enough to consider the case n = 2. Let a = m; and b = mg. We
can assume a > b. Let {v,_2k }o<k<a (resp. {wp—2r}o<k<p) be a basis of L(a) (resp. L(b))
as described above.

As in the characteristic 0 case, for any integer k& with 0 < k < b, there exists a highest
weight vector v, _piok € L(a) @ L(b) of weight a — b+ 2k. In fact, e induces a map

e:span(v; @ w; | i+ j=a—b+2k) — span{v; Qw; | i +j=a—b+ 2k +2)

which has a non-trivial kernel, as we can easily see by comparing the dimensions.
For any k, we have (U - vq_pior) C Ker(C — 2(a — b+ 2k) — (a — b+ 2k)?). Since

20a—b+2k)+ (a—b+2k)> #2(a—b+2h) — (a—b+2h)* (mod p).

for any k and h such that 0 < k,h < b and k # h we have

b b
P U - va—bior € @ Ker(C - 2(a—b+2k) — (a— b+ 2k)?) C L(a) ® L(D).
k=0 k=0

Now, by comparing the dimensions we must have dim(U - v,_pior) = a — b+ 2k + 1,
hence (U - vq—ptor) = L(a — b+ 2k). Finally we obtain

La)®@L(b)=Lla—b)®L(a—b+2)®...® L(a+Db).
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Proof of Theorem 6.5.1. For any x € K*, the algebra K[w]/(w®) can be seen as a sla(K)-
module, where e acts as multiplication by zw and h acts as multiplication by 2k —a + 1
on wk. If a < p, then K[w]/(w?®) = L(a — 1) as a sly(K)-module.

Therefore, by Proposition 6.5.2, if d = )" ,(d; — 1) < p the algebra

A= K]/ (@]") @ Klwa]/(@5?) ® ... @ Klwn]/(wy")

is semisimple as a sl (K)-module, where e acts as multiplication by x1w1+xzowwo+. . .42, wn
and h acts as multiplication by (2> ; k; — d) on wlfl ® w’f ® ... ® wk. In particular,
we can decompose A as a direct sum of L(m)’s, with m < p — 1. Now the thesis easily
follows since e € sly(K) has the Lefschetz property on L(m), forany 0 <m <p—1. O

6.6 Proof of the main theorem

The case char(K) < |®7| is discussed in Remark 6.2.1 and Example 6.2.3, so we can assume
char(K) = p > |®T]|.

Let A = > | xjw; as before. In view of Corollary 6.3.17, it remains to show that
the polynomials D,gn_l)(A), with 1 < k < n, are non-zero for some indexing of S =
{1,2,...,n}. In other words we have to show that the (n — 1)*'-degenerate action of A
defined by the graph %é)n_l) = %g X %g(h) X ... x Bg(r,_,) satisfies the hard Lefschetz
theorem.

Since char(K) = p > |®7|, it follows from Proposition 6.4.2 that we can choose an or-
dering of S such that, for any 1 < j < n and any z; € K*, z;ww; has the Lefschetz property
on H*(Py,_, /Py;,K). Therefore, as in Lemma 6.4.3, we have a Lefschetz decomposition

H.(PIj—l/PIj’K) = @ K[w]]pgc,z
0<k<d,
1<i<ry
where d; = dim(Py,_, /Py;) and {p,7g ;f1<i<r, is a basis of
HY5H Py, /P, K) N Ker(wi ).

We obtain a decomposition

H*(G/P,,K)® H*(P,/P,,K)®...® H*(P;, ,/B,K) =

= @ K[wl]p%}hil ® K[wﬂpig,iz ... ® K[wn]pzn,in =

11,89, 15 in

k17k27---7k'n
~ k1+1 ko+1 k ~
> B K/ (@) © Kiwsl/ (@) © ... © Klwy] /(whn ) =
i1,19,...,in
k1,k2,....kn
> D K, @s,... o0/ (@ okt k)
i1,09,...,in
k1,k2,....kn

into A-stable subspaces. Since
Y k<> dj=) dim(P;_,/P;) = dim(G/B) = ||
j=1 j=1 j=1

from Theorem 6.5.1 it follows that A has the Lefschetz property on every single direct
summand of the decomposition. This proves Theorem 6.2.2.
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