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Today’s plan

Part 1. Kostka—Foulkes polynomials and charge statistics

Part 2. New geometric approach to the charge statistic

e Affine Grassmannian and Hyperbolic Localization

e Wall Crossing on Crystal Graphs



Part 1:
Kostka—Foulkes polynomials and charge
statistics



Kostant partition function

Let g be a complex semisimple Lie algebra (e.g. g = s(,(C)).

X weight lattice, ® C X root system.

The Kostant partition function kpf counts the number of way

W € ZP can be written as a sum of positive roots.



Kostant partition function

Let g be a complex semisimple Lie algebra (e.g. g = s(,(C)).

X weight lattice, ® C X root system.

The Kostant partition function kpf counts the number of way

W € ZP can be written as a sum of positive roots.

Eample | s

g =s5(C), N
q)Jr:{a?B’a—i_B} 1 . 2 . 1 o
Then 2o+ 8 = c .

1 1
(a+B)+a=a+a+p. Y\i/,
Hence kpf(2a + 5) = 2. B «



Kostant’s multiplicity formula

Let A € X, be a dominant weight.
Let A(X) be the Verma module for g of highest weight A. Then
dim A(X), = kpf(A — ).



Kostant’s multiplicity formula

Let A € X, be a dominant weight.
Let A(X) be the Verma module for g of highest weight A. Then
dim A(X), = kpf(A — ).

Let L(A) be the irreducible representation of highest weight \.

Kostant’s multiplicity formula

dim L(A), = Y (=)™ dim A(w(A + p) — p),.
wew

= (1) kpf(w(X+ p) — p — p).
weW

where W is the Weyl group and p = %Zaem a.



g-analogue of weight multiplicities

kpf has a g-analogue kpf, : Z& — Z[q].

The coefficient of g* in kpf, (1) counts the number of way y € Z®
can be written as a sum of k positive roots.
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can be written as a sum of k positive roots.
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g-analogue of weight multiplicities

kpf has a g-analogue kpf, : Z& — Z[q].

The coefficient of g in kpf, () counts the number of way p € Z®
can be written as a sum of k positive roots.

EBample ISR

3« 2,3 e 2 3. 3
g = sl3(C) as before. aq g +q q°+q q
B R A
20+ =(a+f)+a= . 1 1 .
o+ o+ B. Hence q . q
kpfq(2a + B) = ¢° + ¢°. B a

Definition (Lusztig, 1983)

The g-analogue of the weight multiplicities, aka Kostka-Foulkes
polynomials, are defined by

Konu(@) = Y (1) kpfo(w(A + p) — 1 — p).
wew



Kostka-Foulkes Polynomials

Clearly, we have K} (1) = dim L()),.

What meaning carry the coefficients of K} ,,(q) in rep. theory?



Kostka-Foulkes Polynomials

Clearly, we have K} (1) = dim L()),.
What meaning carry the coefficients of K} ,,(q) in rep. theory?

On the weight spaces L(\),, there is a filtration induced by the
action of a principal nilpotent element e € g, the
Brylinski-Kostant filtration

Fi(L(\),.) = ker(e')

Theorem (Brylinski '88)

The coefficient of ¥ in Ky ,(q) is

dim(F(L(A)u)/ Fr—1(L(N))-



Affine Kazhdan-Lusztig polynomials

Kostka-Foulkes polynomials can also be obtained as
Kazhdan-Lusztig polynomials h, ) for the affine Weyl group

W =W x Zb.

Theorem (Kato '83)

K,\#(q) = thWA(q%) where w,,, wy € w

In particular, K) ,(q) is given by the graded dimension of the stalk
in 1 of the intersection cohomology of the Schubert variety X).

This gives a geometric meaning to the KF polynomials. (We will
come back to this later on).

Corollary

The polynomials K) ,(q) have positive coefficients.



Combinatorial meaning of KF polynomials

The numbers K}, ,(1) have a combinatorial interpretation.

There are several combinatorial objects that enumerate K ,(1):

e Mirkovic—Vilonen polytopes
e Littelmann's paths

e Lakshmibai—-Seshadri galleries
e type specific models...



Combinatorial meaning of KF polynomials

The numbers K}, ,(1) have a combinatorial interpretation.

There are several combinatorial objects that enumerate K ,(1):

e Mirkovic—Vilonen polytopes
e Littelmann's paths
e Lakshmibai—-Seshadri galleries

e type specific models...

In type A, K) (1) is the number of semistandard Young
tableaux of shape A and weight p.

Can we give a combinatorial interpretation of the coefficients of
K/\,,u(q)?

This is still an open question in general!



Combinatorial meaning of KF polynomials in type A

Can we give a combinatorial interpretation of the coefficients of
K/\,,u.(q)?

The only case where we can answer this is in type A.



Combinatorial meaning of KF polynomials in type A

Question

Can we give a combinatorial interpretation of the coefficients of
K)\,M(q)?

The only case where we can answer this is in type A.

A statistic for KF pols. is a function ch : Tab(\, u) — Z>¢ such

that
Kaul@)= Y ¢
TeTab(A,p)

Lascoux—Schiitzenberger defined a statistic using cyclage.



Semistandard Young tableaux

Let A= (A1 > A2 > ... A\x = 0) be a partition.

A SSYT of shape A is a tableau such that

weakly increasing

strictly [ [ ]
increasing

10



Semistandard Young tableaux

Let A= (A1 > A2 > ... A\x = 0) be a partition.

A SSYT of shape A is a tableau such that

weakly increasing

1[1[3[3]4]5]
2[3[4]4
4[4

strictly
increasing

10



Semistandard Young tableaux

Let A= (A1 > A2 > ... A\x = 0) be a partition.

A SSYT of shape A is a tableau such that

weakly increasing

o 1[1[3[3[4]5]
stctly 2(3(4[4
IaneaSlng 4 4

>\ = (37 1)’ M = (17 1’ 17 1)

1(3]14| [1]2|4] |1|2]3




=
w

Take a SSYT T. T = T4

11



_|1]3
Take a SSYT T. T = >Ta
113] «{2]

4

Remove the box in SW corner
and insert it on 1st row.
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Take a SSYT T.

Remove the box in SW corner

and insert it on 1st row.

T=137a
1[3] «{2]
4]
112]
4 3]
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Take a SSYT T.

Remove the box in SW corner

and insert it on 1st row.

This is called the cyclage of T.

BE
T=137a
1[3] «{2]
4]

1[2]

4] 3]
2]
3]

4]

11



Lascoux—Schiitzenberger’s charge statistic

The cocharge co(T) is the number of times we need to perform
cyclage until we get to a row tableau.

112]
T=5fa e ] e g e

4]

1

231 .. [AT21319]
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Lascoux—Schiitzenberger’s charge statistic

The cocharge co(T) is the number of times we need to perform
cyclage until we get to a row tableau.

2l mpE [

1
213

The charge of a tableau is

_[1]3
T =713

1
2

ch(T) = [lull = co(T),

where |[uf| = >2(7 = 1)pi

Theorem (Lascoux—Schiitzenberger '78)

The charge ch : Tab(\, u) — Z is a statistic for the
Kostka-Foulkes polynomial K ,,(q).

12



Part 2:
A geometric approach to the charge
statistic

13



Geometric meaning of the charge?

Kostka-Foulkes polynomials have geometric interpretation:
They compute the stalks of Intersection Cohomology Sheaves of
Schubert Varieties X) in Affine Grassmannian.

K (v delc =200 (X, Q)2

14



Geometric meaning of the charge?

Kostka-Foulkes polynomials have geometric interpretation:
They compute the stalks of Intersection Cohomology Sheaves of
Schubert Varieties X) in Affine Grassmannian.

K (v delc i=2(00)(Xy, Q)v?

Natural questions

What is the meaning of the charge statistic in this geometric
setting?

Can this geometric interpretation give another way of thinking
about the charge (e.g. avoiding tableaux combinatorics)?



Affine Grassmannian

Let Gr be the affine Grassmannian.
Gr = GLy(C((1)))/ GLA(C[[1]])

It is a oo dim. variety parameterizing C[[t]]-lattices in C((t))".

ii5)



Affine Grassmannian

Let Gr be the affine Grassmannian.
Gr = GL,(C((t)))/ GLA(CI[2]])
It is a oo dim. variety parameterizing C[[t]]-lattices in C((t))".

For A € X weight, let
M
the

tho
For A € X4, the Schubert variety

Xy = GLa(C[[]]) -

is an irreducible complex variety of dimension 2(}, p),
where (, ) Killing form normalized so that (o,a) =2 fora € & 15



Hyperbolic localization

Let T C SL,(C) be the maximal torus. We have an action of the
augmented torus T =T xC*on Gr

where z € C* acts via loop rotation:

z-twzt, where t € C((t))

16



Hyperbolic localization

Let T C SL,(C) be the maximal torus. We have an action of the
augmented torus T =T xC*on Gr

where z € C* acts via loop rotation:
z-twzt, where t € C((t))
Rank 1 subtori C* C T are parametrized by elements
neX (M =2XaZ.

Let
+ = i . = )\
Yy —{XEGr\Z!LrnOOn(z) x =1t}

be the attractive set of t*.
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Hyperbolic localization

Let T C SL,(C) be the maximal torus. We have an action of the
augmented torus T =T xC*on Gr

where z € C* acts via loop rotation:
z-twzt, where t € C((t))
Rank 1 subtori C* C T are parametrized by elements
neX (M =2XaZ.
Let
Y ={x€Gr| Z!er;on(z)~x: t*}

be the attractive set of t*.

Let F € DP(Gr). The hyperbolic localization wrt to 7 in \ is
HLY(F) = H2 (YY", 7). 16



Hyperbolic localization: how does it depend on 7?

The torus T acts on Gr with fixed points t*, for A € X, and
one-dimensional orbits of the form

o-" Oﬂw for A > s5(M).

17



Hyperbolic localization: how does it depend on 7?

The torus T acts on Gr with fixed points t*, for A € X, and
one-dimensional orbits of the form

sg(A
0= A Q’B( ) for X > s3(\).
Bijection between real roots and reflections

reflections in ~ positive real roots in
affine Weyl group W affine root system &

s3 (—iﬂ

17



Hyperbolic localization: how does it depend on 7?

The torus T acts on Gr with fixed points t*, for A € X, and
one-dimensional orbits of the form

sg(A
0= A Q’B( ) for X > s3(\).
Bijection between real roots and reflections

reflections in ~ positive real roots in
affine Weyl group W affine root system &
s3 (—iﬂ

Moreover, i = sg(\) iff A — p is a multiple of a root in ¢.
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Hyperbolic localization: how does it depend on 7?

The torus T acts on Gr with fixed points t*, for A € X, and
one-dimensional orbits of the form

sg(A
0= A Q’B( ) for A > sg(N).
Bijection between real roots and reflections
reflections in ~ positive real roots in
affine Weyl group W affine root system &
s3 (—iﬂ

Moreover, i = sg(\) iff A — p is a multiple of a root in ¢.
If (n,8) >0 If (n,8) <0

A sg(A) | A s3(A)
lnex(®) v | e

and 3 € ¢



Example: affine root system of type A;

Assume g = sl3(C). The affine root system is
®={ns+ta|necZ}
In this case Xo(T) = Zw & Zd, where d = §*.

20 + o 0+« Oéd 0—« 20 — o

30 + o 30 — o
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Example: affine root system of type A;

Assume g = sl3(C). The affine root system is
®={ns+ta|necZ}
In this case Xo(T) = Zw & Zd, where d = §*.

20 + o 0+« Oéd 0—« 20 — o

30 + o 30 — o

HL" depends on the alcove of 7. 1



Hyperbolic localization: how does it depend on 7?

There are two regions of cocharacters where hyperbolic localization
gives a relevant answer.

If we take gy € Xo(T) C Xo(T) dominant, then
HLIW (ICy) = HE(YF, 1C) = HEPH ) (v,

Hence:
e it is concentrated in a single degree.

e a basis is given by classes of irreducible
components of Xy N Y, which are called MV
cycles.

19
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Hyperbolic localization: how does it depend on 7?

There are two regions of cocharacters where hyperbolic localization
gives a relevant answer.

If we take gy € Xo(T) C Xo(T) dominant, then \

HLIW (ICy) = HE(YF, 1C) = HEPH ) (v,
Hence: > /\/IY
e it is concentrated in a single degree. region
e a basis is given by classes of irreducible
components of Xy N Y, which are called MV
cycles.
If we take 7k, € Xo(T) dominant wrt the affine root KL
system, then Yj is an affine space and -

grdlm HLZKL(/C)\) = KA’H‘(V2)V72(F’HU4) 19



MV and KL regions in type A;

20 + « 0+« a({ 0 —« 20 — «

30+ 30 — «

MV
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MV and KL regions in type A;

20 + « 0+« a({ 0 —« 20 — «

30+ 30 — «

MV

We have (trivial) comb. interpretation for HL" in MV region.
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MV and KL regions in type A;

d

20 + « 0+« Q 4 0 —« 20 — «

30+ 30 — «

We have (trivial) comb. interpretation for HL" in MV region.
We want to give a comb. interpretation to HL" in KL region.

20



MV and KL regions in type A;

20 + « 0+« aq 0 —« 20 — «

30+ 30 — «

We have (trivial) comb. interpretation for HL" in MV region.
We want to give a comb. interpretation to HL" in KL region.

We move the cocharacter 1 from the MV to the KL region!

20



Wall crossing in hyperbolic localization

Let n1,m2 € X.(?) be on opposite sides of a wall
Hs = {n € Xu(T) | (1,8) =0}  for B € &.

It follows from a computation on P1(C) that for any 1 < A such
that > sg(u) we have
grdim HL?(ICy) = v =2 - grdim HLT(IC))

grdim HLZ;(#)(/C)\) = grdim HLZ;(“)(/C)\) + (1= v=?) grdim HL(ICy)

21



Example: Wall crossing in type A;

Let g = slx(C) and let A =2 € X,

In this case, we only need to cross the walls Hs_.,, Hos_o, H3s_a
because these are the only reflections occurring in Xp,.

d—«a

2x

22



Example: Wall crossing in type A;

Let g = slp(C) and let A =2 € X

In this case, we only need to cross the walls Hs_.,, Hos_o, H3s_a
because these are the only reflections occurring in Xp,.

grdim HL" vA v2 1 v—2 v

20 — o
30 — o
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Example: Wall crossing in type A;

Let g = slp(C) and let A =2 € X

In this case, we only need to cross the walls Hs_.,, Hos_o, H3s_a
because these are the only reflections occurring in Xp,.

grdim HL"

22



MV and KL regions in type A,

Assume now g = s(3(C). In this case Xo(T) has rank 3 but we can
take a 2D projection that looks like:

where:

red walls correspond
to né — «,

blue walls to nd — 3,
purple walls to

nd —a—p.

23



Example: Wall crossing in type A,

Let g=sl3(C) and let A\=a+ f € X;.

In this case, we only need to cross the walls Hs;_,, Hs_g, Hs—a—p

v
°
v2 V2
° °
2
o
v2 V2
° °
°
V4

24



Example: Wall crossing in type A,

Let g=sl3(C) and let A\=a+ f € X;.
In this case, we only need to cross the walls Hs;_,, Hs_g, Hs—a—p

wp

L d—p

v Wa

0—a—0
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Example: Wall crossing in type A,

Let g=sl3(C) and let A\=a+ f € X;.

In this case, we only need to cross the walls Hs;_,, Hs_g, Hs—a—p

v
°
v—2 v 2
° °
2v2
d\\
.\@;
le 1
°
v

24



Example: Wall crossing in type A,

Let g=sl3(C) and let A\=a+ f € X;.

In this case, we only need to cross the walls Hs;_,, Hs_g, Hs—a—p

wg
d—p
vt
()
v—2 v 2
) ()
v2—+—v4 -
> =
|
le IQ o]
|
=
v2 Wa

0—a—0

24



Part 2bis:
Wall Crossing on Crystal Graphs

25



Recharge statistics

We want to find a way to combinatorially mimic wall crossing for
HL.

The idea is to define a charge statistic not only in the KL region,
but for every cocharacter 7.

We say that r(n, —) is a renormalized charge for 7 if

grdim HLI(IG) = Y v (T)
TeTab(\,p)

26
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We say that r(n, —) is a renormalized charge for 7 if
grdim HLI(IG) = Y v (T)

TeTab(\,p)

Recharge for 7k, in the KL region == Charge statistic for K}, ,.
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Recharge statistics

We want to find a way to combinatorially mimic wall crossing for
HL.

The idea is to define a charge statistic not only in the KL region,
but for every cocharacter 7.

We say that r(n, —) is a renormalized charge for 7 if

grdim HLI(IG) = Y v (T)
TeTab(\,p)

Recharge for 7k, in the KL region == Charge statistic for K}, ,.
It is trivial to define a recharge for npv in the MV region:

r(nmv, T) = —(p, ) for all T € Tab(, p). .



Crossing wall and recharges

Let 1,10 € X.(?) be on opposite sides of a wall Hg, with 5 € ®.

Assume we have r(n1, —). How to construct a recharge for 1,7

Let > sg(t). An injective map v : Tab(\, ) — Tab(A, sz(w))
is called a swapping function for 7 if

r(m,¥(T))=r(m, T)—1 for all T € Tab(\, ).

27



Crossing wall and recharges

Let 1,10 € X.(?) be on opposite sides of a wall Hg, with 5 € ®.

Assume we have r(n1, —). How to construct a recharge for 1,7

Let > sg(t). An injective map v : Tab(\, ) — Tab(A, sz(w))
is called a swapping function for 7 if

r(m,¥(T))=r(m, T)—1 for all T € Tab(\, ).

Given a swapping function, we obtain r(72, —) by swapping the
values of r(n1, —) as indicated by .

27



Example of a swapping function

A2 > sp(p)
Tab(A, 1) Tab(, (1))
1
°
1 0
° ®
r(nla _) % 9
: :
1
°
grdim HL™ v 4 212 vO +2v2 42
grdim HL™ V242 VO vh 43y

28



Example of a swapping function

A2 = sp(p)
Tab(A, ) Tab(A, s5(4))
:
1 (4
® >0
r(771, _) O
3 Vv e
.$< g
¢\%
grdim HL™ v+ 2v2 ve F2v2 42
grdim HL™ V242 VO vh 43y

28



Example of a swapping function

A2 = sp(p)
Tab(A, ) Tab(A, 55(1))
:
0 (4 1
® >0
r(n2, —) 1
! Vv e
.M g
¢\%
grdim HL™ v+ 2v2 ve F2v2 42
grdim HL™ V242 VO vh 43y

28



Swapping functions

Swapping functions always exist!

Unfortunately, we don't know how to construct them in general...
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Swapping functions

Swapping functions always exist!
Unfortunately, we don't know how to construct them in general...

except that in type A and for a specific family of cocharacters.

In this case, swapping functions are given by the modified crystal

29
operators.



Crystal graphs

We can give to set Tab(\, —) of SSYT of shape A
the structure of a crystal graph.
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Crystal graphs

We can give to set Tab(), —) of SSYT of shape A \ = (2,1).
the structure of a crystal graph.
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Crystal graphs

We can give to set Tab(), —) of SSYT of shape A \ = (2,1).

the structure of a crystal graph.
We have Crystal operators / \
fa \fi
f;, e : Tab()\, —) — Tab(), —) U {0} [1]1] [1]2]
13/ (2]
forl1<i<n-—1. {fl {fg
f;(T) can be obtained by changing the label of a  [1[2] [1]3]
3] (2]

box from i to i + 1 (The box where the functions
#i — #(i + 1) achieves the first maximum in the lfl o

[ec o]

word reading).

[1]
13
There is an action of W on the crystal: s; acts by \fz /fl

reflecting the f; string.
30



Modified crystal operators

We want to attach operators f,, e, to each o € ¢ .
If « = aj+ ajy1 + ...+ «a; then
fo = Wf,-w_1 and e, = we;w !

where w = SiSj—1.--Sit+1-

If T € Tab(\, ) then f,(T) € Tab(\, p — «) and
ea(T) € Tab(\, pu + «).

31



Modified crystal operators

We want to attach operators f,, e, to each o € ¢ .
If « = aj+ ajy1 + ...+ «a; then

fo=whfw™t and e, =wew !
where w = sjsj_1...5;41.

If T € Tab(\, ) then f,(T) € Tab(\, p — «) and
ea(T) € Tab(\, pu + «).

For the family of cocharacters descrived before, the crystal
operators. If sg(p) = p — ke, then

W = £ Tab(A, i) — Tab(A, s5(1))

is a swapping function between 11 and 1>
31



A new formula for the charge statistic

We are now able to perform “wall crossing” on the crystal and to
compute the charge.

For o € & let

€a(T) = max{k | eg(T) # 0}
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A new formula for the charge statistic

We are now able to perform “wall crossing” on the crystal and to
compute the charge.

For o € & let

€a(T) = max{k | eg(T) # 0}

Theorem (P. ’21)

The function ch : Tab(\, u) — Z defined as

ch(T)= > ea(T)

acdy

is a charge statistic for the Kostka-Foulkes polynomials.

32



A new formula for the charge statistic

We are now able to perform “wall crossing” on the crystal and to
compute the charge.

For o € & let
ea(T) = max{k | e5(T) # 0}

Theorem (P. ’21)
The function ch : Tab(\, u) — Z defined as

ch(T)= > ea(T)

acdy

is a charge statistic for the Kostka-Foulkes polynomials.

Moreover, it coincides with Lascoux—Schiitzenberger’s charge

32



Final comments

e What happens for other families of cocharacters from the MV
to the KL region? Is it possible to attach a charge statistic to
different families?
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Final comments

e What happens for other families of cocharacters from the MV
to the KL region? Is it possible to attach a charge statistic to
different families?

e What happen in other type? Can this geometric approach
help us to find charge statistics in general?

e Does the swapping function itself have a geometric meaning?
Can we use it to obtain bases given by cycles in the KL region
in the same way as MV cycles in the MV region?

Thank you for your attention!
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Bonus slides: Sketch of the Proof

Why do modified crystal operators induce the swapping functions?

Case 0: Assume that dim L()), <1 for any p.

Then there exists a unique possible swapping function, so it must
coincide with £X.

General case: We try to reduce to case 0.
An atomic decomposition of a crystal T(\, —) is a partition
T\ -) =] AW

such that in each atom A(y) there is exactly an element of
weight v for every v < .

Theorem (Lecouvey-Lenart, '21)

The crystal T(\,—) admits an atomic decomposition. 35



Bonus slides: Sketch of the Proof

Proposition (Lecouvey-Lenart, P.)

The atomic decomposition of T(\,—) is obtained by taking the
closure of W-orbits under the operators e; and fi.

If o« =ai; +...4 ag, then ey, f, preserve the atomic

decomposition.

By induction, it suffices to show that the “swapping on each
atom” are swapping functions.

Finally, this can be translated in a problem on twisted Bruhat

graphs

36
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